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On the lower bound of the discrepancy of (t, s) 

sequences: II 

Mordechay B. Levin 


Abstract 

Let (x(n))n>i be an s—dimensional Niederreiter-Xing’s sequence 
in base b. Let D((x(n))^^j^) be the discrepancy of the sequence 
It is known that ND{{x{n))^^^) = 0(ln® A) as N ^ oo. 
In this paper, we prove that this estimate is exact. Namely, there 
exists a constant K > 0, such that 

inf sup ND{{x{n) > Km^ for m = l,2,... . 

we[0,l)» l<Ar<bm 

We also get similar results for other explicit constructions of {t,s) 
sequences. 
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1 Introduction. 


1.1 Let be a sequence in unit cube [0,1)^, points set in [0,1)"^, 

jy = [o,i/i)x---x[o,7/Lc[o,i)y 

A(dy, (di:)v)^=i) = #{1 < n < A I e Jy} -Ny,... y,. (1.1) 

We define the star discrepancy of a as 


D*{N) 



N-l\ 
n=0 ) 


sup 

0<j/i,...,2ys<l 


N 


A(dy, {A 


,NJn=lj 


( 1 . 2 ) 


1 




Definition 1. A sequence {l3n"^)n>o is 0 /low discrepancy (abbreviated l.d.s.) if 
= 0{N-\\nNY) for N~^ 00 . 

Definition 2. A sequence of point sets ((/3nN)n=o)N=i is of low discrepancy 
(abbreviated l.d.p.s.) if = 0(-/V“^(lniV)®“^), for N —)■ cx). 


For examples of such a sequence, see, e.g., [BC], [DiPi], and [Ni], 
In 1954, Roth proved that there exists a constant Cs > 0, such that 


ND*{{/3 


P) 

n,N 


Id,') > CsilnN) 


s —1 
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and > 0 


for all A^-point sets {/3nN)n=o sequences {Yn^)n>o- 

According to the well-known conjecture (see, e.g., [BC, p.283], [DiPi, p.67], 
[Ni, p.32]), these estimates can be improved 


NU 


((C!v)t"o)(lniV)-^'+' 


>C'^ and lim Ar(lniV)-^Il*((/3(^))(^^i) > 0 (1.3) 


N^OO 


for all 77-point sets (/d^^]v)^Ao' ^ind all sequences {j3n^)n>o with some > 0. 

In 1972, W. Schmidt proved fll.3p for s = 1 and s = 2. In [FaCh], fll.3p is 
proved for a class of (f, 2)—sequences. The review of research on this conjecture, 
see for example in [Bi]. 

A sub interval E of [0,1)® of the form 

S 

i=l 


with ai,di E Z, di > 0, 0 < a, < 6'^“ for 1 < i < s is called an elementary interval 
in base b > 2. 


Definition 3. Let 0 < t < m be an integer. A {t,m, s)-net in base b is a 
point set xq, ..., ^b^-i in [0,1)® such that if{n E [0, 6"* — l]|x„ E E} = E for every 
elementary interval E in base b with vol(i7) = 6*“"*. 

Definition 4. Let t >0 be an integer. A sequence xo,xi,... of points in [0,1)® 
is a (t, s)-sequence in base b if, for all integers k > 0 and m > t, the point set 
consisting o/x„ with kh^ <n < {k + Ij^™ is a {t,m, s)-net in base b. 

By [Ni, p. 56,60], {t,m,s) nets and (t, s) sequences are of low discrepancy. 
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See reviews on (t,m,s) nets and (t,s) sequences in [DiPi] and [Ni], 

For X = Y.j>iXiP7\ and y = Y.j>iyiP7' where Xi,yi e Zb := {0,1, - 1}, 

we define the (6-adic) digital shifted point v hj v = x (B y ■= where 

Vi = Xi + yi niod(6) and Vi G Zb- For higher dimensions s > 1, let y = {yi,ys) G 
[0,1)^. For X = {xi,...,Xs) G [0,1)® we define the (6-adic) digital shifted point v 
by V = X © y = (xi © j/i,© ys)- For ni, n 2 G [0, 6"*), we define ni © n 2 : = 
{ni/b^ © n2)b^)b"^. 

For X = J2j>i ^iP^\ where x* G Zb-, x* = 0 (i = 1, k) and x^+i ^ 0, we define 
the absolute valuation ||.||^ of x by ||x||f, = b~^~^. Let ||n||^ = b^ for n G [b^,b^~^^). 


Definition 5. A point set {'Xn)o<n<b^ in [0,1)® is d—admissible in base b if 


min ||x„©Xfc||ft>6 

0<k<n<b'^ 


—m—d 


where 


|x|lb := 


n 

i=l 


\X 


(i) 


(1.4) 


A sequence (x„)„>o in [0,1)® is d—admissible in base b if inf„>A;>o ||n © ||x„ © Xfc||^ 

> b~'^. 


Let (x„)„>o be a d—admissible {t, s) sequence in base b. In [Le4], we proved for 
all m > 9s^(d + t) that 

1+ max A^il*((x„ © w)o<„<Ar) > (1.5) 

with some w G [0,1)® and iFd,t,s = 4(d + t){s — 1)^. 

In this paper we consider some known constructions of (t,s) sequences (e.g., 
Niederreiter’s sequences, Xing-Niederreiter’s sequences, Halton type (t, s) sequences) 
and we prove that they have d—admissible properties. Moreover, we prove that 
for these sequences the bound fll.5p is true for all w G [0,1)®. This result supports 
conjecture fll.Sp (see also [Be], [LaPi], [Le2] and [Le3]). 

We describe the structure of the paper. In Section 2, we fix some definitions. 
In Section 3, we state our results. In Section 4, we prove our outcomes. 


2 Definitions and auxiliary results. 

4.1 Notation and terminology for algebraic function fields. For the theory 
of algebraic function fields, we follow the notation and terminology in the books 
[St] and [Sa]. 
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Let b be an arbitrary prime power, k = a finite field with b elements, k(a;) = 
F;,(a;) the rational function field over F;,, and k[a;] = Ffe[a;] the polynomial ring over 
Fft. For a = f/g, f,g e k[a;], let 

z/oo(a) = deg{g) - deg(/) (2.1) 

be the degree valuation of k(a;). We define the field of Laurent series as 

OO 

k((a;)) := | \ m E Z, ai E k|. 

i=m 

A finite extension field F of k(a;) is called an algebraic function field over k. Let 
k is algebraically closed in F. We express this fact by simply saying that F/k is an 
algebraic function field. The genus of F/k is denoted by g. 

A place V of F is, by definition, the maximal ideal of some valuation ring of 
F. We denote by 0-p the valuation ring corresponding to V and we denote by 
the set of places of F. For a place V of F, we write u-p for the normalized discrete 
valuation of F corresponding to V, and any element t E F with upit) = 1 is called 
a local parameter (prime element) at V. 

The field Fp := Op/V is called the residue field of F with respect to V. The 
degree of a place V is defined as deg(P) = [Fp : k]. We denote by Div(F) the set 
of divisors of F/k. 

Let y E F \ {0} and denote by Z{y), respectively N{y), the set of zeros, respec¬ 
tively poles, of y. Then we define the zero divisor of y by (|/)o = Ylip&z(y) 
and the pole divisor of y by {y)oo = J2p&N{y) ^v{y)'P- Furthermore, the principal 
divisor of y is given by div(?/) = {y)^- {y)^. 

Theorem A (Approximation Theorem). [St, Theorem 1.3.1] Let F/k he a 

function field, Vi,...,Vn E P_f pairwise distinct places of F/k, xi,...,Xn E F and 
ri, ...,rn E Z. Then there is some y E F such that 

upfiy-Xi)=ri for f = l,...,n. 

The completion of F with respect to vp will be denoted by Let t be a local 
parameter of V. Then is isomorphic to Fp{{t)) (see [Sa, Theorem 2.5.20]), 
and an arbitrary element a E F^^l can be uniquely expanded as (see [Sa, p. 293]) 

OD 

a= Sit where Si = Si{t,a) E Fp F F^^\ (2.2) 

i=i''p{a) 
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The derivative or differentiation with respect to t, is dehned by (see [Sa, 
Dehnition 9.3.1]) 

T OO 

(2-3) 

i=V'p (a) 

For an algebraic function held F/k, we dehne its set of differentials (or Hasse 
differentials, H-differentials) as 

= {y \ y & F, 2 : is a separating element for F/k} 

(see [St, Dehnition 4.1.7]). 

Proposition A. ( [St, Proposition 4.1.8] or [Sa, Theorem 9.3.13]) Let z E F 
be separating. Then every differential j E Ap can be written uniquely as j = y dz 
for some y E F. 

We dehne the order of a d/9 at P by 

d/9) := d/9/dt), (2.4) 

where t is any local parameter for V (see [Sa, Dehnition 9.3.8]). 

Let Di? be the set of all Weil diherentials of F/k. There exists a F—linear 
isomorphism of the diherential module Ap onto VLp (see [St, Theorem 4.3.2] or [Sa, 
Theorem 9.3.15]). 

For d ^ uj E VLp, there exists a uniquely determined divisor div(a;) G Div(F). 
Such a divisor div(ci;) is called a canonical divisor of F/k. (see [St, Dehnition 
1.5.11]). For a canonical divisor hF, we have (see [St, Corollary 1.5.16]) 

deg(lF) = 2g — 2 and i{W) = g. (2.5) 

Let a d/9 be a nonzero H-diherential in F and let u the corresponding Weil diher¬ 
ential. Then (see [Sa, Theorem 9.3.17], [St, ref. 4.35]) 

z/p(div(a;)) = vp{a d/9), for all V E P^. (2.6) 

Let a d/9 be a H-diherential, t a local parameter of V, and 

OO 

ad/9= ^ S^TdtEF^'^\ 

i=U'p{a) 
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Then the residue of a d/3 (see [Sa, Definition 9.3.10) is defined by 


Let 


Res-p{a d/3) := G k. 


(2.7) 


Res-p^t(a) := Resp(adt). 


( 2 . 8 ) 


Theorem B (Residue Theorem). ([St, Corollary 4.3.3], [Sa Theorem 
9.3.14]) Let a d/3 be any H-dijferential. Then Res-p(a d/3) = 0 for almost all places 
V. Furthermore, 

Res;p(a d/3) = 0. 

VgVf 

For a divisor "D of F/k, let C{F) denote the Riemann-Roch space 

CiV) = Cf{V) = = {yeF\0\ diviy) + D > 0} U {0}. 

Then C{F) is a hnite-dimensional vector space over F, and we denote its dimension 
by i{V). By [St, Corollary 1.4.12], i{V) = {0} for deg(T>) < 0. 

Theorem C (Riemann-Roch Theorem). [St, Theorem 1.5.15, and St, 
Theorem 1.5.17 ] Let W be a canonical divisor of F/k. Then for each divisor 
A e div(F), £(A) = deg(24) + 1 — + 1{W — A), and 

i{A) = deg(A) + 1 — g for deg(24) >2g — 1. 


Let P G Pf, ep = deg(P), and let F' = FFp be the compositum field (see jSal 
Theorem 5.4.4]). By [Stl Proposition 3.6.1] Fp is the full constant field of F'. 

For a place P G Pp, we define its conorm (with respect to F'/F) as 

ConFVF(P):=5^e(P'|P)P', (2.9) 

p'|p 

where the sum runs over all places P' G Pp' lying over P (see [Stl Definition 3.1.8.]) 
and e(P'|P) is the ramification index of P' over P. 

Theorem D. f [5tl Theorem 3.6.3]) In an algebraic constant field extension 
F' = FFp of F/k, the following hold: 
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(a) F'/F is unramified (i.e., e(P'|P) = 1 for all P G and all P' G Fpr 
with P'|P). 

(b) F'/Fp has the same genus as P/k. 

(c) For each divisor A G Div(P), we have deg(Conj 7 //i 7 ’(yl)) = deg(y4). 

(d) For each divisor A G Div(P), liConpiip{A)) = 1{A). More precisely: 

Every basis of is also a basis of Cp'/ppiConpiip{A)). 

Theorem E. ([Stl Proposition 3.1.9]) Por 0 7 ^ a; G P let {x)q , (x)^, div(x)^, 
resp. {x)q , (x)^, div(x)^ denote the zero, pole, principal divisor of x in Div(P) 
resp. in Div(P'). Then 


Conj.//j.((x)o) = (x)f, Coni.Yi.((x)^) = (x)^' and Coni.yF(div(x)^) = div(x)^ 


Let be all the places of F'/Fp lying over P. By [Stl Proposition 

3.1.4.], [Stl Definition 3.1.5.] and Theorem D(a), we have 


I/®.(a) = vp^a) for a E F, 1 < i < /x. 


( 2 . 10 ) 


We will denote by pT) resp. (1 < f < /x) the completion of P resp. F' 

with respect to the valuation z/p resp. Applying [S^ p.l32, 133], we obtain 


P C p(-P) C P'^ and PCP'CP'^ *\ 1 < x </x. 

Let f be a local parameter of P, and let a G F^^\ By fl2.10p . we have r'fsAi) = 1- 
Consider the local expansion fl2.2p . Using fl2.10p . we get zx®.(q:) = zxp(a). Hence 


z/®. (a) = z/p(a) for a G P' fl P*-^^ 1 < x < 


/X. 


( 2 . 11 ) 


Theorem F. ( |LiNil Theorem 2.24]) Let M be a finite extension of the finite 
field L, both considered as vector spaces over L. Then the linear transformations 
from M into L are exactly the mappings Kg, (3 E F where Kp = Tim/l{,I3oi) for all 
a E F. Furthermore, we have Kg 7 ^ whenever jd and 7 are distinct elements of 

L. 
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Theorem G. ([Stl Proposition 3.3.3] or |LiNil Definition 2.30, and p.58]) Let 
L be a finite field and M a finite extension of L. Consider a basis {ai ,..., am} of 
M/L. Then there are uniquely determined elements fii, ...,fim of M, such that 

^^M/L{oiifij) = dij = < ( 2 - 12 ) 

The set fii,fim is a basis of M/L as well; it is called the dual basis of {ai ,..., am} 
(with respect to the trace). 

4.2 Digital sequences and (T, s) sequences ( |DiPil Section 4]). 

Definition 6. ( [DiPil Definition 4.30]) For a given dimension s > 1, an in¬ 
teger base b > 2, and a function T : No —)■ No with T(m) < m for all m G No, a 
sequence (xo,xi,...) of points in [0,1)^ is called a (T, s)-sequence in base b if for all 
integers m > 0 and k > 0, the point set consisting of the points Xkb ^,..., Xkb^+b^_i 
forms a (T{m),m, s)-net in base b. 

Lemma A. ( |DiPil Lemma 4.38]) Let (xo,xi,...) be a {T, s)-sequence in base 

b. Then, for every m, the point set {yo, Yi, •••, Yb m _ } with Yfc := (xk,k/b'^), 

0 < k < 6 ™, is an (r(m),m, s+1 )-net in base b with r{m) := max{T(0),..., T(m)}. 

Repeating the proof of this lemma, we obtain 

Lemma 1. Let (x„)„>o be a sequence in [0,1)^, G N, > mj for i > j , 
and let (x„, ?7,/6™''')o<n<6"*fc be a {t,mk,s + 1) net in base b for all k > 1. Then 
(xn)n>o is a {t, s) scqucnce in base b. 

Lemma B. ([Nil Lemma 3.7]) Let (x„)„>o be a sequence in [0,1)®. For N > 1, 
let H be the point set consisting of (x„, n/N) G [0,1)^+^ for n = 0, N — 1. Then 

1 + max MD*((x,,)f^-o') > AD*((x„, n/iV)()L-o )• 


Definition 7. ( |DiNi[ Definition 1]) Let m,s>l be integers. Let ..., 

jjQ X m matrices over F;,. Now we construct points in [0,1)®. For 
n = 0,1,..., b"^ — 1, let n = de the b-adic expansion of n. Choose a 












bijection 0 : Zf, := {0,1, ....,6 — 1} with 0(0) = 0, the neutral element of 

addition in F^. Let |0(a)| := |a| for a G Zf,. We identify n with the row vector 

n = (ao(n),..., dm-i{n)) G F™ with di{n) = 0(ai(n)), 0 < i < m — 1. (2.13) 

We map the vectors 


to the real numbers 


to obtain the point 


771 

x„ := (xW,...,3:W) e [0,1)'. 


(2.14) 

(2.15) 

(2.16) 


The point set (xq, ..., Xf,m_i} is called a digital net (over Ff,j (with generating 
matrices 

For m = oo, we obtain a sequence xq, xi,... of points in [0,1)^ which is called a 
digital sequence (over Ff,) (wzt/i generating matrices ..., (7*^®’°°^)). 

We abbreviate as for m G M and for m = oo. 

4.3 Duality theory ( see |DiPi[ Section 7], [DiNi], |NiPi] . |Skr] ) . 

Let J\f be an arbitrary Ff,-linear subspace of Let be a matrix over Ff, 

consisting of sm columns such that the row-space of H is equal to M. Then we 
dehne the dual space C F^"^ of M to be the null space of H (see [DiPi, p. 244]). 
In other words, is the orthogonal complement of J\f relative to the standard 
inner product in F^"^, 

= {Ae F^'^ \ B ■ A = 0 for all B G Af}. (2.17) 

For any vector a = (oi,..., a^) G F™, let 

v(a) = 0 if a = 0 and Vm(a) = max{j : aj ^ 0} if a 7 ^ 0 . 

Then we extend this definition to F™^ by writing a vector A G F™^ as the con¬ 
catenation of s vectors of length m, i.e. A = (ai, ...,as) G F™* with a* G F™ for 
1 < i < s and putting 

K„(A) = ^ v^(ai). (2.18) 

l<i<s 
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Definition 8. For any nonzero F™-linear snbspace M of the minimum 
distance of N is defined by 

= niin{i4i(A) | A G TV \ {0}}. 


Let G F“^°° be generating matrices of a digital sequence x„(C')„>o 

over Ffc. For any m G N, we denote the m x m left-upper sub-matrix of 
by The matrices are then the generating matrices of a 

digital net. We define the overall generating matrix of this digital net by 


|Cl.„ = (|CW]i||cm£|.,.||C'‘'];:.)eF, 


mxsm 

b 


(2.19) 


for any m G N. 

Let Cm denote the row space of the matrix [C]m i-e., 


m—1 


c = 




{i) — / N 

^ ar\n^ 


r=0 


Q < n <¥‘ 




The dual space is then given by 

Ci = {AeF^^\B-A = 0 for all B G Cm). 


( 2 . 20 ) 


( 2 . 21 ) 


Proposition B. ( |DiPil Proposition 7.22] For s G M, s > 2, the matrices 
..., generate a digital (T, s)-seguence if and only if for all m we have 


T(m) > m — 6m{C^) + 1, for all m G N. 


We define a weight function on F™"^ dual to the weight function Vm fl2.18p . For 
any vector a = (oi,..., a^) G F™, let 

^■‘‘(a) = m-|-l if a = 0 and = niin{j : Oj 7 ^ 0 } if a 7 ^ 0 . ( 2 . 22 ) 

Then we extend this definition to F™^ by writing a vector A G F™^ as the con¬ 
catenation of s vectors of length m, i.e. A = (ai, ...,as) G F™* with a* G F™ for 
1 < i < s and putting 

( 2 - 23 ) 

l<i<s 
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Definition 9. For any nonzero F™-linear subspace M of the maximum 
distance of N is defined by 


= max{V^{A) | A G \ {0}}. (2.24) 


4.4 Auxiliary results. 


Lemma C. l |Le4[ Lemma 1]) Let s > 2, d > 1, {'^n)o<n<b^ ® d—admissible 

{t,i7i,s) net in base b, do = d + t, e ^ N, 0 < e < {2doe{s — 1))“^, m = [me], 
rhi = 0, Thi = doerh {1 < i < s — 1), rhs = rh — {s — l)mi — f > 1 , rh^ = rhi + rhi, 
Bi C {0,..., rh — 1} (1 < i < s), w G and let 7 ^*^ = /b + ... + 7^V^™'S 


7'' 

' 'n 


(b 


mi+do{jie+ji)+j, 


= 0 for 1 < ji < do, 


^ * = * <2'25) 


and ji G {0,...,m - 1} \ Bi, 0 < ji < e, I < i < s, ^ ...,7^), 

B = j^Bi + ... + j^Bs andfh > 4e“^(s —l)(l + si?) + 2f. Let there exists Uq G [0,6"*) 
such that [(x„(, © = 7*-*^ 1 < i < s. Then 


A((xn © w)o<n<fe« 5 >, ^ 7 ) < —6 [ee{2{s — 1)) ^ + b^^^doeBm^ (2.26) 


Corollary 1. With notations as above. Let s > 3, r > 0, m = m — r, 
(x„)o<n<fem be a d—admissible {t,m,s) net in base b, do = d + t, e ^ N, e = 
r}{2doe{s — 1 ))“^, 0 < 7 < 1 , m = [me], rhi = 0 , rfij = doerh, rhs = m — {s — l)mi — 
t > 1, rhs = rhs + rhi, Bi C { 0 , ...,m — 1}, Bi = { 0 ,...,m — 1 < i < s, 

B = #Bi + ... + i^Bg. Suppose that 




(b 

n,rhi+doeji+ji 


ji £ Bi, ji G [l,doe\, i G [l,s]) | n G [0,6™)} — Z^j, (2.27) 


with m > 2t + 8{d + t)e{s — iyp~^ + 2‘^^b^~^’^~^^{d + tYe{s — l)^*^®“^) 7 “^+^i? + 4(s — l)r 
and fi = doe{srh— B) . Then there exists no G [0,6™) s?/c6 fhaf [(x„g©w)*^*)]mi = 7*'*^ 
1 < i < s, and for each w G Ej^, we have 


6 ™iP*((x„© 


w 


lo<n<6"^) — 


A((x„ 


w 


0<n<b^ 


, Jj) 


> 2 -^ 6 -'^^-^+' 


7 ** ^m** ^ 


with Kd,t,s = 4(d + t){s- 1)2. 
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Proof. Let 7 (n, w) = 7 = ( 7 ^^^ 7 ^^^) with 7 *^*^ := [(x„ © i G [l,s]- 

Using fl2.27p . we get that there exists no G [0, 6 ™) such that 7 (no, w) satisfy fl2.25p . 
Hence fl2.26p is true. Taking into account fll.2p and that w G is arbitrary, we 
get the assertion in Corollary 1. □ 

Let 0 : Zfo !-)■ Ff, be a bijection with 0(0) = 0, and let for 

1 < i < s, j > 1 and n > 0. We obtain from Corollary 1 ; 


Corollary 2. Let s > 3, r > 0, m = m — r, (xn)o<n<f)* be a d—admissible 
(t,m,s) net in base b, do = d + t, e G N, e = r}{2doe{s — 1))“^, 0 < 7 < 1, 
m = [me], fhi = 0, m* = doem, fhg = m — {s — l)mi — t > 1 , mg = frig + rhi, 
Bi C {0, ...,m - 1}, Bi = {0, ...,m - 1} \ 5^, 1 < i < s, H + ... + #5^. 

Suppose that 


{(!/, 


(0 

n,rhi+doeji+ji 


G B,, ji G [l,doe], i G [l,s]) | n G [0,6”^)} = F^, 


with m > 2t + 3{d + t)e{s —+ + + — l)r 

and n = doe{sm—B). Then there exists uq G [0,b'^) such that = 7*'*^ 

1 < i < s, and for each w G E^, we have 


6™D*((x„ © w)o<„<bm) > A((x,, © w) 

0<n<&^ 7 '^'7) 


> 2-^b 


-2u-d 




With notations as above, we consider the case of {t, s) sequence in base b\ 

Corollary 3. Let s > 2, d > 1, (x„)„>o be a d—admissible (t, s) sequence 
in base b, do = d + t, e & N, e = p{2does)~^, 0 < 7 < 1 , m = [me], m* = 0 , 
1 < i < s, rhs+i = t - 1 + (s- l)doem, B[ C { 0 , ...,m- 1 }, B[ = { 0 ,..., m - 1 } \i?[, 
l<i<s + l, B = ifB[ + ... + Suppose that 

i^Srn^+doef+f I ^ ^ H], J, G [l,doe], * ^ [l,s], 
«m,+i+doeL+i+L+i(’^)’ .^'^+1 ^ ^1+1’ ds+1 e [I,doe],) I n G [0,6”*)} = F^. 

with /i = doe{{s + l)m — B), and m > 2t + 8{d + t)es'^p~^ + (d + 

t)^^^es‘^^p~^B. Then 

1 + min min max AT)*((xn®Q © w)o<n<w) > 

0 <Q<b^ wGE^l<N<b”^ - a,t,s+L I 
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Proof. Using Lemma B, we have 


1 + sup iVD*((x„®Q © w)o<n<jv) > 6'"L>*((x„eQ © w, n/6”')o<n<fe-) 

= 6”"i:)*((x„ © w, (n © Q)/&”*)o<n<fe-)- 


By fll.4p and [DiPi, Lemma 4.38], we have that ((x„, n/ 6 ™')o<n< 6 "*) is a d—admissible 
{t, m,s + 1)— net in base b. We apply Corollary 2 with s = s + 1, r = 0, = Bi, 

1 < i < s, B'^ = {rh - j - l\j e Bs}, js+i = rh - j^+i - 1, js+i = doe - j^+i + 1, 

and = n/b^. Taking into account that Un^-j — dj{n) (0 < j < m), we get 

ynX\+i-doi^-i+doeh+i+Ui = «>n.+i+doeL+i+L+i(^)> ^nd Corollary 3 follows. □ 


Lemma 2. Let s > 2, do > 1, e > 1, m > 1, mi = doerh, rhi G [0,m — mi] 
{1 < i < s), m > smi, m>r, and let 

f e |0.f>”)} £ Ff’■ (2.28) 

Suppose that ^ is a ¥b linear subspace o /and dim]pj^(<h) = smi — r. Then 
there exists Bi G {0, ..., m — 1}, 1 < i < s, with B = + ... + i^Bg < r and 


doe(srh—B) 


where 


\ 1 > = { 

n,mi+dQe{ji-l)+ji 


T = F' 


3i G Bi, ji G [l,doe], i G [l,s]) | n G [0,6”^)} 


with Bi = {0,..., m — 1} \Bi. 


(2.29) 

(2.30) 


Proof. Let f = srhi — r, and let ..., be a basis of <h with 

f = i 1 < n < f 

'/i J ^,rhs-\-rhiJ '> — — 

Let 

= max{mi + (i-l)mi+j | ^ 0, j G G [l,s]} for /i G [l,f]. 

Without loss of generality, assume now that v{fi) < v{fj) for 1 < i < j < r. Let 
= mi + ih - l)rhi + / 2 , and let for 1 < A; < j -1. 

We have n(ffc) < v{fj) for all 1 < fc < j — 1. 
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By repeating this procedure for j = f, f — 1, 2, we obtain a basis of 

$ with n(fj) < n(fj) for 1 < i < j < f. Let 

Ai = {rhi + j I n(f^) = (i - l)mi +fhi+j, 1 < j < rhi, 1 < p < f}, i e [1, s]. 

Taking into account that is a basis of $, we get from fl2.28p 

{(!/S I j e A. i e |l.il) I n e |0.6”)} = Ff—, (2.31) 

Now let 

Bi := {ji E [0,mi) | 3ji E [I, doe], with + jidoi + ji E A^)}, i E [l,s]. 

It is easy to see that B = jj^Bi + ... + jj^Bg < r, where B^ = {0,..., rh — 1} \ Bi. 
Bearing in mind fl2.3Up . we obtain fl2.29p from fl2.3ip . Hence Lemma 2 is proved. 

□ 


3 Statements of results. 

If s = 2 for the case of nets, or s = 1 for the case of sequences, then (11.51) follows 
from the W. Schmidt estimate fll.3p (see [Ni, p.24]). In this paper we take s > 2 
for the case of sequences, and s > 3 for the case of nets. 


2.1 Generalized Niederreiter sequence. In this subsection, we introduce a 
generalization of the Niederreiter sequence due to Tezuka (see |Te21 Section 6.1.2], 
|DiPil Section 8.1.2]). By |Te21 p.l65], the Sobol’s sequence |DiPi[ Section 8.1.2], 
the Faure’s sequence |DiPil Section 8.1.2]) and the original Niederreiter sequence 
ppn Section 8.1.2]) are particular cases of a generalized Niederreiter sequence. 

Let 6 be a prime power and let pi, ...,ps G Fi\x\ be pairwise coprime polynomials 
over Ffe. Let = deg(pj) > 1 for 1 < i < s. For each j > 1 and 1 < ^ < s, the set of 
polynomials {yi,j,k{,x) : 0 < fc < e,} needs to be linearly independent (modpj(a;)) 
over Fft. For integers 1 < * < s, j > 1 and 0 < < e*, consider the expansions 


yi,j,k{F) 

Pi{xy 


'^a^''iU,k,r)x ’■ ' 


(3.1) 


over the held of formal Laurent series Fh({x ^)). Then we dehne the matrix = 

iCpr)j>l,r>0 by 

Cj-b = ab)(Q + 1 , k, r) E¥h for 1 < f < s, j > 1 , r > 0 , 


14 

























where j — 1 = Qci+k with integers Q = Q{i,j) and k = k{i,j) satisfying 0 < fc < e,. 

A digital sequence (x„)„>o over F;, generated by the matrices is 

called a generalized Niederreiter sequence (see [DiPi, p.266]). 

Theorem H. (see [DiPi, p.266]) The generalized Niederreiter sequence with gen¬ 
erating matrices, defined as above, is a digital (t, s)-sequence overFh witht = Cq — s 
and Co = ei + ... + e^. 

Theorem 1. With the notations as above, (xn)n>o is d— admissible with d = cq. 

(a) For s > 2, e = 6162 ■ ■ - Cg, rji = s/(s + 1) m > 9{d + t)es{s + 1) and = 
4{d + t)(s — 1)^, we have 

1+ min min max A^D*((x„®q © w)o<n<Ar) > 

(b) Let s > 3, ri 2 E (0,1) and m > 8{d + t)e{s — + 2(1 + t)? 7 ^^(l — ri 2 )~^. 

Suppose that mmm/ 2 -t<jei^<m,o<k<ei^{l - deg(|/ioj,fc(a;))j“^e“^) > r ]2 for some io E 
[l,s]. Then 

min 6”'il*((x„ © w)o<n<b-) > 

wC fds f ’ 


2.2 Xing-Niederreiter sequence (see |DiPil Section 8.4 ]). Let F/¥b be an 
algebraic function held with full constant held and genus g = g{F/¥i,). Assume 
that F/¥f, has at least one rational place Poo, and let G be a positive divisor of 
F/¥b with deg(G) = 2g and Poo ^ supp(G). Let Pi,...,Ps be s distinct places of 
F/¥b with Pi 7 ^ Poo ioT 1 < i < s. Put = deg(Pi) for 1 < i < s. 

By |DiPil p.279 ], we have that there exists a basis wo,wi, ...,Wg of jC{G) over 
¥b such that 

^Pooiu!u)=nu for 0<u<g, 

where 0 = no < ni < .... < < 2g. For each 1 < i < s, we consider the chain 


C{G) C C{G + Pi) C C{G + 2P,) c ... 


of vector spaces over F;,. By starting from the basis wo,wi,...,Wg of C{G) and 
successively adding basis vectors at each step of the chain, we obtain for each 
n G N a basis 

{m;o,Wi, ■■■,Wg } (3.2) 
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of C{G + nPi). We note that we then have 

kij E C{G + ([(j — l)/ej + 1)]-Pj) for 1 < i < s and j > 1. (3.3) 

By the Riemann-Roch theorem, there exists a local parameter 2 ; at Poo, e.g., 
with 


deg(( 2 r)oo) <251 + 61 for 
For r G N U {0}, we put 


^e£(G + Pi-Poo)\/:(G' + Pi-2Poo). (3.4) 


Zr = 


P if r ^ {no,ni, ...,ng}, 

Wu if r = Uu for some u E {0,1, g}. 


(3.5) 


Note that in this case i>p^{zr) = r for all r G M U {0}. For 1 < i < s and j E M, 
we have kij E C{G + nP,) for some n E N and also Poo ^ supp(G + nP,), hence 
JZp^{kf^) > 0. Thus we have the local expansions 


kij = a^jj.Zr for 1 < i < s and j E N, 

r=0 


(3.6) 


where all coefficients aj*]. G F;,. For 1 < i < s and j E N, we now dehne the 
sequences 

(3.7) 


(i) 


C'- 


^ ’ j^o+1 ’ * * * ’ ’ • • • • 5 ^j^Ug ’ ^j,ng-\-l 5 • • • • / 6 ’ 

where the hat indicates that the corresponding term is deleted. We dehne the 
matrices G^^\..., G F^^^ by 


= (4o’4i’--) •= («ii)^6No\{no.....n,} 


,(*) Ji) 


(i) Ji) 


= (c^*\ 02 ^ 03 ^ ...)"'' for 1 < i < s, 


(3.8) 


i.e., the vector c(*^ is the jth row vector of for 1 < i < s. 


Theorem I (see |DiPi[ Theorem 8.11]). With the above notations, we have 
that the matrices G'^^\ given by h3.8\) are generating matrices of the Xing- 

Niederreiter {t, s)-sequence (xn)„>o with t = g + cq — s and cq = ei + ... + e*. 


Theorem 2. With the above notations, (x„)„>o is d—admissible, where d = 
S' + Co¬ 


le 





(a) For s > 2, e = ei-.-Og, m > 9{d + t)es^ri^ ^ and Kd,t,s = 4((i + t){s — 1)^, we 
have 

1+ min min max iVD*((x„®Q © w)o<n<Ar) > 

With r]i = {1 + deg((2;)oo))“^ (see 

(b) Let s >3, ri 2 E (0, 1) and m > 3{d+t)e{s — lYr] 2 ^ + 2{l + 2g + r] 2 t)rj 2 ^{l — rj 2 )~^. 
Suppose that mmm/ 2 -t<j<m i^p^ikioj)/j > P 2 , for some io e [l,s]. Then 

min 6'”i)*((x„ © w)o<n<6m) > (3.9) 

weE^ 


2.3 Niederreiter-Ozbudak nets (see [DiPil Section 8.2 ]). Let F/¥b be an 
algebraic function field with full constant field F;, and genus g = g{F/¥b). Let s > 2, 
and let Pi,..., P<j be s distinct places of F with degrees ei,..., e^. For 1 < z < s, let 
izp. be the normalized discrete valuation of F corresponding to Pj, let ti be a local 
parameter at Pj. Further, for each 1 < z < s, let Fp^ be the residue class held of 
Pi, i.e., Pp. = OpjPi, and let'd* = ('di,i, ...,'di,ei) ^ ^Pi be an Fb-linear vector 

space isomorphism. Let m > g + X]i=i(^* “ !)• Choose an arbitrary divisor G of 
P/Fft with deg(G) = ms — m + g — 1 and dehne a* := op^iG) for 1 < z < s. For 
each 1 < z < s, we dehne an Pf,-linear map 6i : C{G) —)■ F™ on the Riemann-Roch 
space C{G) = {z/ G P \ 0 : div(z/) + G > 0} U {0}. We hx z and repeat the following 
dehnitions related to 6i for each 1 < z < s. 

Note that for each / G C{G) we have PPi{f) ^ ~Oi, and so the local expansion 
of / at Pj has the form 

CX> 

f = ^ Sj{tiJ)tl, with Sj{tiJ) e Fp., j >-ap (3.10) 

j=-ai 

We denote Sj{ti,f) by fij. Let mj = [m/ci] and ri = m — eimi. Note that 
0 < Tj < Cj. For / G P(G), the image of / under for 1 < z < s, is dehned as 

»©/) = (e,i(/).-.«<,».(/)) eFr. (3-11) 

where we add the rj-dimensional zero vector 0^^ = (0,..., 0) G F^* in the beginning. 
Now we set 

»'“'(/) := («r’(/)..-.«f’(/)) e Fr, (3.12) 
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and define the Ffo-linear map 

: £(G')^Fr, / ^ 

The image of 9^^'^ is denoted by 

M^=Mm{Pu...,Ps\G) := G Fr I / e £(G)}. (3.13) 

According to [DiPi, p.274], 

dim(A/)„) = <^^(£((7)) > deg(G) + 1 — = ms — m for m > — s+ ei +... + e^. 

Using the Riemann-Roch theorem, we get 

dim(A/"m) = — m for m > — s + ei + ... + e^, s > 3. (3-14) 

Let = A/)^(Pi,..., Pg] G) be the dnal space of MmiPii •••, Ps] G) (see fl 2 . 2 ip i. 
The space can be viewed as the row space of a snitable m x ms matrix C over 
Fft. Finally, we consider the digital net = {x„(C')|n G [0, 6™')} with overall 

generating matrix C (see fl2.19|P . 

Let Xiihi) = Zl.™ 1 where hi = (h*,!,..., G F™ {i = l,...,s) 

and let x(h) = {xiihi), ...^Xgihg)) where h = (hi,..., h^). From (I2.15p . (I2.16p and 
(I2.2np . we derive 

Pi := Pi (AC) = {i(h) I h G AC(A, p.; G)}. (3.15) 


Theorem J (see |DiPi[ Corollary 8 . 6 ]).Rhfh the above notations, we have that 
Pi is a (t, m, s)-net over F^ with t = g + eo — s and Cq = ei + ... + e^. 

To obtain a d—admissible net, we will consider also the following net: 

P 2 := ..., {V^Zg}) \ z = {zi, ..., Zg) G Pi}. (3.16) 

Withont loss of generality, let 


Cg = mm Cj. 

l<i<s 


(3.17) 
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Theorem 3. Let s > 3, tuq = + t)^(s — 1)^* + ^o)eri and 

7] = (1 + deg((t,)oo))"^ Then 

min max for m > mo, 

weE^ i<N<b^ 

V2 is a d—admissible {t, m — tq, s) net in base b with d = g + eo, t = g + eo — s, and 
min 6 ™D*((P 2 0 w)) > for m > mo, 

where P* © w := {z © w | z G Vi}. 

2.4 Halton-type sequence (see |NiYej ). Let F/¥f, be an algebraic function 
field with full constant field and genus g = g{F/¥h). We assume that F/F^ has 
at least one rational place, that is, a place of degree 1. Given a dimension s > 1, 
we choose s + 1 distinct places Pi,...,Ps+i of F with deg(Ps+i) = 1. The degrees of 
the places Pi,...,Ps are arbitrary and we put e* = deg(Pi) for 1 < i < s. Denote by 
Op the holomorphy ring given by 

Op = Op, 

Pj^Ps+l 

where the intersection is extended over all places P 7 ^ Ps+l of F, and Op is the 
valuation ring of P. We arrange the elements of Op into a sequence by using the 
fact that 

00 

Op = IJ C{mPs+i). 

m=0 

The terms of this sequence are denoted by /o, /i, ... and they are obtained as follows. 
Consider the chain 

£(0) C L(P,+i) C L(2P,+i) C ... 

of vector spaces over F;,. At each step of this chain, the dimension either remains 
the same or increases by 1. From a certain point on, the dimension always increases 
by 1 according to the Riemann-Roch theorem. Thus we can construct a sequence 
Vo,Vi ,... of elements of Op such that 

{vo,Vi,...,ve(mPs+i)-i} (3.18) 

is a Ffo-basis of £(mPs+i). For n G N, let 

CO 

n = ar{n)b'^ with all ar{n) G Zj, 

r=0 
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be the digit expansion of n in base b. Note that ar{n) = 0 for all sufficiently large 
r. We £x a bijection 0 : —)■ with 0(0) = 0. Then we define 

OO 

fn = '^^ar{n)vr ^ Op with ar{n) = (j){ar{n)) for n = 0,l,... . (3.19) 

r=0 

Note that the sum above is finite since for each n G N we have ar{n) = 0 for all 
sufficiently large r. By the Riemann-Roch theorem, we have 

{/I /G £((m + 5 (- l)P^+i)} = {/„ I n e [0,6™)} for m>g. (3.20) 

For each i = 1,..., s, let be the maximal ideal of Op corresponding to P^. Then 
the residue class field Fp. := Op/pi has order (see [St, Proposition 3.2.9]). We 
£x a bijection 

<^Pi ■ Fpi (3.21) 

For each i = I, ...,s, we can obtain a local parameter U G Op at pi, by applying 
the Riemann-Roch theorem and choosing 


U e C{kPs+i - Pi) \ C{kP,+i - 2Pi) (3.22) 

for a suitably large integer k. We have a local expansion of /„ at pi of the form 

fn = Y^ fnjtl with all e Fp^, n = 0,1,... . (3.23) 

i>o 

We define the map ^ : Op —)■ [0,1]* by 

OD OO 

«/») = (3.24) 

j=0 j=0 

Now we define the sequence xo,xi, ... of points in [0,1]® by 

x„ = ^(/n) for n = 0,1,... . (3.25) 

From [NiYe, Theorem 1], we get the following theorem : 

Theorem K. With the notation as above, we have that (x„)„>o is a (t,s)- 
sequence in base b with t = g + Cq — s and Cq = ei + ... -|- e^. 
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By Lemma 17, (x„)„>o is (i—admissible with d = g + Cq. Using |Le4l Theorem 
2 ], we get 


1 + ND*{{xn(BQ ® w)o<n<Ar) >2% (3.26) 

for some Q G [0, 6 "*) and w G E^. 

In order to obtain fl3.26p for every Q and w, we choose a specihc sequence 
vo,vi,... as follows. Let 

tg+i G C{{[{2g + l)/ei] + 1)®*! — Ps+i) \ P{{[{2g + l)/ei] + I)®*! ~ 2Ps+i). 

It is easy to see that 

I'Ps+iits+i) = 1, iypi{ts+i) > 0, i G [ 2 ,s] and deg((ts+i)oo) <251 + 61 + 1 . ( 3 . 27 ) 

By fl3.18p and the Riemann-Roch theorem, we have r'Pg_,_i(+) = —i — g for i > g. 
Hence 


+ = ^ +,iU+i with all Vij G F^, Vi^i+g 7^ 0 , i> g. ( 3 . 28 ) 

j<i+9 

Using the orthogonalization procedure, we can construct a sequence 
such that {^0,^1,..., ^^(mP^+i)-!} is a Fb-basis of C{mPs+i), 

Vi^i+g = l, and Vij+g = 0 for je[g,i), i>g. ( 3 . 29 ) 

Subsequently, we will use just this sequence. 

Theorem 4 . With the above notations, (x„)„>o is d—admissible, where d = 
9 + ^ 0 - 

(a) For s >2, m > 22 ^+ 35 '^+*+*+! (c^ -)_ ty+^s^^e{g + l)(eo + and 
771 = (1 + deg((U+l)oo))■^ we have 

1 + min min max A^D*((x„®q © w)o<n<v) > ^( 3 . 30 ) 

(b) Let s > 3, m > {d + ty{s — iy^~^{g + 60)677^^"'“^ 

Cs = mini<j<^ei and 7/2 = (1 + deg((U)oo))"^. Then 

min 6”'T)*((x„ © w)o<n<fem) > 2 "^ 6 "'^iL^^+^? 72 “^ 777 ®“b ( 3 . 31 ) 


21 








2.5. Niederreiter-Xing sequence. 

Let -F/Ffo be an algebraic function field with full constant field F;, and genus g = 
g{F /¥},). Assume that F/F;, has at least s + 1 rational places. Let Fi, ...,Fs+i be 
s + 1 distinct rational places of F. Let G„i = m(Fi + ... + F^) — {m — g + l)F 5 +i, 
and let be a local parameter at F*, 1 < z < s + 1. For any / G C{Gm) we have 
^Pi(/) F and so the local expansion of / at Pi has the form 

OO 

/ = X] with fij e Fb, j > -m, 1 < z < s. 

j=-m 

For 1 < z < s, we define the Ft-linear map t F™ by 

'ipmAf) = (/*-n fi-m) e F;;", for / G F(Gm)- 


Let 


Mm = Mm{Pi, F,; Gm) := {(/)) G F^l / G F(G'^)}. (3.32) 

Let ..., G F“^°° be the generating matrices of a digital sequence 
Xn(F)„>o, and let {Cm)m>i be the associated sequence of row spaces of overall 
generating matrices [F]m, m = 1,2,... (see fl2.19p L 

Theorem L. (see |DiPi( Theorem 7.26 and Theorem 8.9]) There exist ma¬ 
trices Fb ),such that x„(F)n>o is a digital {t^ s)-sequence with t = g and 
Cm = Mm{Pi ,..., Ps] Gm) form>g + l,s>2. 


According to [DiNil p.411] and |DiPil p.275], the construction of digital se¬ 
quences of Niederreiter and Xing |NiXi] can be achieved by using the above ap¬ 
proach. We propose the following way to get Xn(F)n>o. 


We consider the Ff-differential dtg+i- Let u be the corresponding Weil differ¬ 
ential, div(a;) the divisor of u, and W := div((iF+i) = div(a;). By fl2.5p . we have 
deg(hF) = 2g — 2. Similarly to (I3.18p - (l3.29p . we can construct a sequence ho, hi,... 
of elements of F such that {ho, hi, ...,ve(^(^m-g+i)Ps+i+w)-i} is a F^-basis of 
Lm := C{{m - g + l)Ps+i + W) and 

Vr e L^+i\L^, i^Ps+i{vr) = -r + g-2, r > g, and Vr,r+ 2 -g = 1, Gj = 0 (3.33) 
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for 2 < j < r + 2 — g, where 


Vr := Vrjtgii for Vrj G Ffc and r > g. 

j<r-g+2 

According to Proposition A, we have that there exists r* G -F (1 < i < s), such 
that dts+i = Tidti for 1 < z < s. 

Bearing in mind fl2.4p . fl2.6p and fl3.33p . we get 

^PiivrTi) = uPiivrTidti) = z/p, (h,.dF+i) > up^{dw{dts+l)-W) = 0, 1 < z < s, r > 0. 

We consider the following local expansions 

OD 

VrTi := where all G F^, 1 < z < s, j > 0. (3.34) 

j=0 

Now let C^^'> = (cj l)j^r>o, 1 < z < s, and let Cm be the row space of overall gener¬ 
ating matrix [C]m (see fl2.19p h 

Theorem 5. With the above notations, Xn(C)n>o is a digital d—admissible 
it, s) sequence, satisfying the bounds H3.3(h) and h3.31\) . with d = q + s, t = q, and 
Cm = MiiPu Ps-, Gm) forallm>g + l. 

2.6 General d— admissible digital {t,s) sequences. In |KrLaPi] . discrep¬ 
ancy bounds for index-transformed uniformly distributed sequences was studied. 
In this subsection, we consider a lower bound of such a sequences. 

Let s > 2, d > 1, t > 0, do = d +1 and mk = s^(io(2^^'''^ — 1) for k = 1,2,... . 

Let be a N X N matrix over F;,, and let be a non¬ 

singular matrix, k = 1,2,... . For n G [0,6’"'“), let hfc(rz) = {hk,i{n), ..., hk^mki'^)) = 
and hk{n) = ZlJLi > !)• We have hk{l) ^ hk{n) 

for I ^ n, l,n E [0, 6’"'“). Let h^^{hk{n)) = rz for rz G [0, 6’"'“). It is easy to see that 
hfl^ is a bijection from [0, 6’"'“) to [0, 6’"'“) {k = 1 , 2 , ...). 

Theorem 6. Let (x„)„>o be a digital d—admissible (f, s) sequence in base b. 
Then there exists a matrix and a sequence (/z“^(rz))„>o such that 

is nonsingular, h~^{n) = hj^{n) = h'^^iji) for n G [0,6’"'=) {I > k, k = 1,2,...), 
(x.h-i[n))n>o a d—admissible (t,s) sequence in base b, and 

1 -f min max N D*{{xh-i{n)®Q®^)o<n<N) > ^ttz^, k>l . 

0<Q<b'^k,Mv&E=l<N<b^k ^ - a,t,s+k 
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Remark 1. Halton-type sequences were introduced in [Tel] for the case of 
rational function fields over finite fields. Generalizations to the general case of al¬ 
gebraic function held were obtained in [Lei] and [NiYe]. The constructions in [Lei] 
and [NiYe] are similar. The difference is that the construction in [NiYe] is more 
simple, but the construction in [Lei] a somewhat more general. 

Remark 2. We note that all explicit constructions of this article are expressed 
in terms of the residue of a differential and are similar to the Halton construction 
(see, e.g., fl4.6p . fl4.28p . fl4.62p and fl4.113p - fl4.12ip L The earlier constructions of 
(f, s)—sequences using differentials, see e.g. [MaNi]. 

Remark 3. A lattice T C (F 6 ((a;)))'^'''^ is d—admissible if 

s+l 

inf >b-'^. 

(7l,...,7s+l)6r\{0} 

1=1 

A lattice T C (F6((a;)))®’''^ is said to be admissible if T is d— admissible with some 
d > 0. In [Lei, Theorem 3.2], we proved the following analog of the main theorem of 
the duality theory (see, [DiPi, Section 7], [NiPi] and [Skr]): if a unimodular lattice 
P is d—admissible, then from the dual lattice P-*- we can get a {t, s) sequence with 
t = d — s. It is easy to prove (see, e.g., [Le5]) that a lattice P is admissible if and 
only if the dual lattice P"*" is admissible. In [Le4] and in this paper we consider a 
more general object. We consider nets in [0,1)* having simultaneously both (t, m, s) 
properties and d-admissible properties. The d-admissible properties have a direct 
connection to the notion of the weight in the duality theory (see Dehnition 5, 
Dehnition 8 and Dehnition 9). Thus we can consider this paper as a part of the 
duality theory. 


4 Proof of theorems. 


4.1 Generalized Niederreiter sequence. Proof of Theorem 1 


Using [Le4, Lemma 2] and |Te3P Theorem 1], we obtain that (x„)„>o is d—admissible 


with d = cq. 

We apply Corollary 3 with = l<i<s + l, B = 0, e = e = 6162 • • • e^, 
do = d-|-t, e = 7]i{2sdoe)~^ and r]i = s/{s + 1). In order to prove the hrst assertion 
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in Theorem 1, it is sufficient to verify that 

Ai = fQj^ ^ ^ t)es{s + 1), (4.1) 


where 


Ai = {( 2 /iy, 


’yn4r^---,yi%---,yi%ad^+iA^),---,ad,+i,2H) I ne [ 0 , 6 ”^)} 


with 


di = rfbi = doe[me] (1 < i < s), (is+i,i = hls+i + 1 := t + (s — l)doe[me], (4.2) 

4 +1,2 = ffis+i := t - 1 + sdoe[me\, and n = Y.o<j<m-i aj{n)V ■ 

Suppose that fl4.ip is not true. Then there exists bij G F;, {i,j > 1) such that 

s di ds+ 1,2 

E l'>•+ul>o («) 

i=l j=l j=ds+i,i 


and 

S di rfs+1,2 

bs+i,jdj{n) = 0 for all ne[0,b^). (4.4) 

i=l j=l j=ds+l,l 

From fl2.14p and fl3.ip . we have 


m—1 

(i) W- / \ 

yn,j = 2 ^ c) rar{n), 

r=0 


with 


c^l = a^"\Q + l,k,r) e¥b, j-l = Qei + k, 0 < k < Ci, (4.5) 


Q = Q{i,j), k = k{i,j), where k,r) are defined from the expansions 


yi,j,ki 


Pi{xy 


^ = '^a^'\j,k,r)x ^ \ 


r>0 


We consider the field F = Fb(a;), the valuation Uoo (see (12.11) ) and the place Poo = 
div(x“^). By (12.81) . we get 

a^^\j^k,r)= Res (i/ij,fc(a:)Pi(a;)"^P+^). 

-Poo ,21“^ 
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Hence 


i'S = . 




m—1 

■E 

r=0 


ar[n)x 


r+2 


= Res 


yi,Q{i,j)+l,k{i,j){^) 


nix 


with n{x) = Yl^=o 3 ^ [1)'^*]) * ^ 

We have aj{n) = Res {n{x)x~^~^). From fl4.4p . we derive 

Poo,X-^ 


(4.6) 


S di 


Res^(n(a;)Q!) = 0 with a = EE'-.. 


yi,Q{i,j)+^,k{i,j){^) 

j9.(a;)Q(ti)+i 


ds+1,2 


1=1 j = l 

for all n G [0, h^). Consider the local expansion 


+ ^ hs+i,jX 

j = da + l,l 


-i-1 


(4.7) 


oo 

a = with (pr G Ff,, r > 0. 

r=0 

Applying fl2.12p and fl4.7p . we derive 


m—1 

Res (n(x)a) = Res f > 

p„o,x-F 

11=0 


E‘ 

r=0 




m—1 oo 

^=0 r=0 


m—1 oo m—1 

) = EE^ Ij.{n)(pr6n^r ^in)(pf, = 0 

fi=0 r=0 ti=0 

for all n G [0, 6™'). Hence 

(fr = 0 for r G [0,m — 1] and Poo(Q') > ''P- (4.8) 

According to fl4.5p . we obtain 

Q{i,j) + 1 < Q{i,di) + 1 < [{di - l)/ei\ + 1 = dj/cj for j G [l,di],i G [l,s]. 

By (gZD, we get 

S 

a G E(Gi) with Gi = dj/ejdiv(pj(a;)) + {ds+1^2 + l)div(x) — mPoo- (4.9) 

i=l 
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From fl4.ip and fl4.2p . we have for m> 2t + S{d + t)es{s + 1) 


S 



i=l 


<t — m{l — 2sdQee) = t — m(l — rji) = t — m/{s + 1) < 0. 


Hence a = 0. 

Let g.c.d.{x,pj{x)) = 1 for all j ^ i with some i G [l,s]. For example, let i = 
1, and let pi{x) = x^'^'^pi^x) with ei ,2 = deg(pi(a;)), ei = e^i + ei, 2 , ei,i > 0, 
g.c.d.(a;,pi(a;)) = 1. According to fl4.7l) . we get a = ai + ^2 + as, where 




and 


with some polynomials yij,k{x) and yij,k{x). 

Using fl4.2p . we obtain for s > 2 and j G [1, di] that 

cis+ 1,1 + 1 = f + l + (s-l)cioe[me] > cioe[me] = di > ci^idi/ci > ei,ideg(Q(l, di) + l). 

We have that the polynomials p 2 -, ...,Ps,Pi and x are pairwise coprime over F^. By 
the nniqneness of the partial fraction decomposition of a rational fnnction, we have 
that as = 0 and = 0 for all j G [ds+i,i, ^ 5 + 1 , 2 ]- 

Bearing in mind that pi,...,ps are pairwise coprime polynomials over F;,, we 
obtain from [Te3, p.242] or [Te2, p. 166,167] that bij = 0 for all j G [l,di] and 
i G [l,s]. 

By fl4.3p . we have the contradiction. Hence assertion fl4.ll) is trne. Thns the hrst 
assertion in Theorem 1 is proved. 

Now consider the second assertion in Theorem 1: 

Let, for example, zq = s, i.e. 


(1 - deg(!/.j,i(i))j ‘e,') > ri2. 


(4.10) 


mm 

m/2—t<jes<m,0<k<e. 


We apply Corollary 2 with s = s > 3, = 0, 1 < z < s, H = 0, r = 0, m = m, 

do = d + t, e = e = 6162 ■ ■ ■ Cg, e = Z 72 ( 2 (s — l)(ioe)“^. In order to prove the second 
assertion in Theorem 1, it is snfficient to verify that 


A 2 = for m > 8(d + f)e(s - 1)^z72 ^+ 2(1+ f)?72 ^(1 - ^ 2 ) \ (4.11) 
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where 


A 2 = {{y, 


(1) „,(i) .,(^-1) .,{s) „(s) 

n,li •••) tin,dll yn,! 1 •••) i/rijds-i’ "n,cis,i’ "n,ds,2 


)|ne[0,n}, 


with 


di = mi = (ioe[me], i G [1, s), (i^^i = rhs + 1 ■= m — t + 1 — {s — l)dQe[me] (4.12) 
and da ^2 = rhs := m — t — {s — 2)doe[me\. 

Suppose that fld.lip is not true. Then there exists bij G F;, {i,j > 1) such that 

s—1 di ds,2 

\bs,j\ > 0 (4.13) 

i=l j=l j=ds,i 

and 

s—1 di d.s^2 

bsjVnj = 0 for all nG[0,6™). (4-14) 

*=1 i=l j=<is,i 

Similarly to fl4.7p . we have 

Res {n{x)a) = 0 for all n G [0, 6”*), with a = ai + a 2 , 

Poo,X-^ 

where 


«! = 


s—1 di 

EE- 

1=1 j=i 




and 


da,2 
3=^8,! 


y s,Q{s,j)+l,k{s,j)^^') 
' Ps(a;)‘3('^4)+i 


(4.15) 


Consider the local expansions 

OO OO 

CTi = and a 2 = ''‘^(p 2 ,rX~^~^ with ipi^r £ F;, i = 1,2, r > 0. 

r=0 r=0 

Analogously to fl4.8p . we obtain from fl4.14p 

y^i,r + y^ 2 ,r = 0 for all rG[0,m —1]. (4.16) 

Taking into account that j < {Q{s,j) + 1)6* and ds,i > m/2 — t, we get from fl2.ip 
and fl4.10p that 


/ ys,Q{s,j}+l,k(s,j){x) \ 

V p,(x)QC4)+i J 


{Q{s,j) + l)e, - deg(2/,,Q(,j)+i,fc(,j)(x)) = 














(Q(s, j) +1) (1 — 


deg(j/s,(3(sj)+i^fc(sj)(x)) 


es > (Q(-s,j) + l)es'r ]2 > ri 2 j, j > 4,i- 


{Q{s,j) + l)e. 

Applying (I4.15p - (l4.16p . we have ip 2 ,r = 0 for r < [772<^s,i]- Therefore (pi^r = 0 
for r < [?72 <^s,i]- Hence 

^oc{ai) > [n2ds,i]- 

Similarly to fl4.9p . we obtain 


s-l 


Q!i e £((^2) with G 2 = '^di/eidiy{pi{x)) - [r] 2 ds,i\Po, 


2 = 1 


From (14.lip and (I4.12p , we have that m > 2(1 + t)ri 2 ^(1 — 172) ^ and 


S —1 

deg(G2) = '^di- [ds,ir]2] = {s - l)doe[me] - [(m - f + 1 - (s - l)doe[me])r]2] 
2=1 

< (s — l)dQe[me] — {m — t — [s — 1) doe [me]) 772 + 1 = (1 + d2)('S — l)doe[me] 

- mri2 + 1 + f < m((l + r]2 ){{s - l)doee - 772) + 1 + ^ 

= m772((l + 772)72 -l) + l + f = l + f- m772(l - 772)72 < 0. 

Hence ai = 0 and ipi^r = 0 for r > 0. 

Using [Te3, p.242] or [Te2, p. 166,167], we get bij = 0 for all j G [l,di] and 
7 G [1, s — 1]. 

According to fl4.16|) . we have ip2^r = 0 for r G [0,m — 1] . Thus 1200(0:2) > fn. 

From fl4.15p . we obtain 

0^2 G £(^3) with G3 = [ds,2/es + l]div(ps(a;)) - mPoo- 
Applying fl4.ip and fl4.2p . we derive for m > 27e and s > 3 

degPCa) <m — t — (s — 2)doe[me] + — m < 0. 


Hence 0^2 = 0. 

By the uniqueness of the partial fraction decomposition of a rational function, 
we have from (I4.15p that bg+ij = 0 for all j G [d^q, d^q]. 

By fl4.13p . we have a contradiction. Thus assertion fl4.1ip is true. Therefore 
Theorem 1 is proved. □ 
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4.2 Xing-Niederreiter sequence. Proof of Theorem 2 

Lemma 3 . Let P G Pf, t be a local parameter of P over F, kj G F, vpikj) = j 
{j = 0,1,...). Then there exists kf & F with vpikj-) = —j (j = 1, 2,...), such that 

S_i{t,kj,kf^^^) = for ji, j 2 > 0. (4.17) 

Proof. Let kf = {tko)~^. We see iyp{kjk^) > 0 for j > 1. Using fl2.2p and 
fl2.12p . we get that fl4.17|) is true for j 2 = 0. Suppose that the assertion of the 
lemma is true for 0 < j 2 < jo — I, jo > We take 

JO 

^jt +1 = + (^^Jo)”^ where = 5_i(f, Vi(%o)"^)- (4-18) 

fi=i 

We see that vpikf^j^]) = —jo —1- By the condition of the lemma and the assumption 
of the induction, we have T^pikj^kf^j^f) > 0 for ji > jo and 

S-i{t,kj^kj-^^^) = for ji > jo- (4.19) 

Now consider the case ji G [0, jo). Applying fl4.18l) . we derive 

Jo 

knkfo+i) = kj,kf^) + S_i{t, fcj,(%)-^). 

fj.=i 

Using fl2.12p . fl4.18|) and the assumption of the induction, we get 

JO 

S-i{t, kj-^kj^_^_i) = ^ PuJo^jip-^ A >S'_i(f, kj^itkj^) ) = Pj^+ijo — Pji+ijo — 0- 

)i=i 

Hence fl4.19p is true for all ji >0. By induction. Lemma 3 is proved. □ 


Lemma 4. (x„)„>o is d— admissible with d = g + cq, where eo = ei + ... + e^. 


Proof. Consider Definition 5. Taking into account that (x„)„>o is a digital 
sequence in base b, we can take k = 0. Suppose that the assertion of the lemma is 
not true. By fll.4p . there exists h > 0 such that ||h||^ ||xn||j < b~'^ = 

Let di = diCi + di with 0 < di < Ci, 1 < i < s, \\n\\f, = b'^~^ and let x^^ = 

b 

1 < i < s. Hence h G [6™“^, 6™), ^ 0, 

S 

— 0 j G [1, di], i G [1, s] and ^^(d* + 1) — m > d = + eo. 


2 = 1 
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By 02.141) . we have 


= 0 j ^ i G [l,s] with '^^diCi >m + g. (4.20) 

i=l 

Let 

{ho, ...,hg_i} = {0,1, ...,2g}\{no,ni,...,rig} and hi = g+ i + l ioi i > g. (4.21) 

Let n = YlT=o with ai{n) E Zf, {i = 0,1...), and let di{n) = (f){ai{n)) 

{i = 0,1,...) (see 02.13|) L From 02.141) . 03.61) and 03.7|) . we get 

m—1 m—1 

ij,=0 iJ,=0 

By 03.Sp . we have 

up^{zr) = r, for r > 0, and Zn,, = Wu with u = 0,l,...,g. (4.23) 

Using Lemma 3, 02 .2p and 02.8|) . we obtain that there exists a seqnence (z^)j>i 
snch that i^p^izj-) = —j and 

Res( 2 ;i; 2 ^;^) = S-i{z, Zizj~_^i) = 6ij for all i,j > 0. (4.24) 

Pooi^ 

We pnt 

m—1 

fn = Y^ dg{n)zi^^P (4.25) 

ii=0 

Hence 

dg{n) = Res(/„ 2 :,^ ) for 0 < /i < m - 1, n G [0, h^). (4.26) 

Poo,Z 

By 02.121) and 04.211) . we have = 0 for all 0 < n < ^f, fr > 0. 

Applying 04^ and 04^ . we derive 

m—1 

ResifnWu) = Res ( V dg{n)z^ ZnJ (4.27) 

Pao,Z Paa,Z\^ -' ^ / 

11=0 

m—1 m—1 

= '^dg{n)Res{z:^^^^Zn^) = '^dg{n)6n^^^^ = 0 for n = 0,1,..., ^, n > 0. 

oo )-2i 
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According to fl3.6p and 04.251) . we have 


Resifnkij) = Res( V 

r^oo ^ ^ ' 


m—1 oo 

oo ^■2 


m—1 oo 


/^=0 r=0 

m—1 oo m—1 


^ ^ a^(n)aJ*iRes(4^+i ^ 

^OOiZ 


/i=0 r=0 

From 04.22p . we get 


Res(/„/cij) = for all j e [l,m], i e [l,s], n e [0,5™). (4.28) 

Poo,-2 


— / \ {i) 


/i=0 r=0 


/^=0 


Using fl4.20p and 04.27p . we derive 

9 S c/j 6^ 

f ffi f ^ ^ b'p'lVj^ EE bijkijj j = 0 for all bi, bij G F;,. 


r=0 


i=l j=l 


Taking into account that (tco, ■■•, •••^i ■■•’^*45 ■••! AeJ basis of 

k^{G + X]i=i diPi) (see fl3.2p h we obtain 


Res(/n7) = 0 for all ■y E C{G) with G = G + diPi. (4.29) 

i=l 

By flCTD . we have 

5 

deg(G-(m+5(+l)Poo) = 2g+'^diei-{m+g+l) > 2g+m+g-{m+g+l) = 2g-l. 


i=l 


Using the Riemann-Roch theorem, we get 

G = (G — (m + g)Poo) \ {G — {m + g + l)Poo) 7^ 0- 

We take v E G. Hence vp^iy) = m + g. 

From 03.51) . we derive v = Ylir>m+g^rZr with some fer ^ F^ (r > m + ^f) and 
bm+g 7 ^ 0. According to 04.21|) . we have rim-i = m+g. Therefore v = J2r>hm-i ^rZr- 
Taking into account that n E [ 6 ™'“^, 5”^), we get am-i{n) 7 ^ 0. 

By dMH), (Km and OCTl) . we obtain 


m—1 


m—1 


0 = Resifav) = ^ ^ a^(n)6^Res(^^^_^i Zr) ='^ ^ a^(n)6^(5^ 

J 00)-2 00 

^=0 r>hrn-l /^=0 r>hrn-i 
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Bearing in mind that 5n^,r = 1 for /r G [0, m — 1], r > hm-i if and only if /i = m — 1 
and r = hm-i (see (I4.2ip ), we get Resp^^z{fnv) = am-i{n)bn^_^ 7 ^ 0. We have a 
contradiction. Hence Lemma 4 is proved. □ 

Lemma 5. Let s > 2, di = doe[me], I < i < s, = t + {s — l)doe[me], 

ds+ 1,2 = t — 1 + sdoe[me\, do = d + t, t = g + eo — s, e = ei-.-Cg and m > 2/e. Then 
the system {wo,wi,...,Wg}U{z^^3+^}d,+i_i<j<d,+i^2 ^{hj}i<i<s,i<j<di of elements 
of F is linearly independent overWb- 


Proof. Suppose that 


g s di as+1,2 

« £ bojWj + J2J2 = 0 

i=o *=i i=i j=ds+i,i 


for some hj G F;, and \bo,j\ + ELi \hj\ + Yj=Y 1 lfo+ijl > 0- Let 


J=«s+l,: 

dB+ 1,2 


A = /32,i = /32 = 5^/32,*, /^S = Y (4.30) 

j=0 i = l *=1 j=da+l,l 


We have 


O — /?! + /32 + /^s — 0. 


(4.31) 


Suppose that^^^j^ |6ij| = 0 and a = 0. By fl4.30l) and fl4.3ip . we have 
A + /^3 = 0 and ^'p^(A) ^ A+ 1 , 1 - Taking into account that A ^ dl{G) with 
deg(G) = 2g, we obtain from the Riemann-Roch theorem that /3i = 0. Therefore 
Yl^j=o lAjI = 0 and Ifo+ijl = 0- We have a contradiction. 

According to [DiPi, Lemma 8.10], we get that if Yl'j=d’% 1 lfo+i,il = 0 a = 0, 
then Yl^j=o lAjI = 0 and '^f=i l^til ~ consider only the case 

then J2Ui Ell \Kj\ > 0 and EIH 1 lfo+ijl > 0- 


Let Ejii > 0 for some h G [1, s], and let izp^iz) > 0. 

By the construction of khj, we have A,/i ^ dl{G) and A,/i 7^ 0- Applying f|3.3p and 
fl4.30p . we obtain ^'p(A,h) > —TZp{G) for any place P ^ Ph and hence we obtain 
that z/p^(A,/i) < -^PhiG) - 1 with up^iG) > 0. 

On the other hand, using fl3.3l) (14.301) and (14.311) . we get 


PPh (A,/i) - ^Ph(^- A 


Y ^27 
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> min (i/p^(/3i),z/p^(/33) min i/p^(/32,i)) > 

We have a contradiction. 

Now let i^p^{z) < —1. Bearing in mind that l^s+ijl > 0, we obtain 

that 7 ^ 0, and < —dg+i^i — g — 1. On the other hand, using fl3.3p and 

fl4.3ip . we have 

^Phil^s) = ^Phif^i + ( 32 ) > ~^Ph{G) — [{dh — l)/e/i + Ijcft > —2g — dh- 
Taking into account that 

<^ 5 + 1,1 3- g + 1 — {2g + dh) = t + g + l + {s — 2)dQe[me] — 2g>t — g + l>l, 
we have a contradiction. Thus Lemma 5 is proved. □ 


Lemma 6. Let s > 2, dn = d + t, t = q + en — s, e = 
(1 + deg((2;)oo))■^ 

^1 : = {(2/i!n • • ■) 2/mi , ■ • •, , l/i'l , hd.+i.i , ■ ■ •, ad.+i,2 H ) 


gi{2sdoe) r]i = 

|ne [0,n}, 


where 


di = rhi := dQe[me] (1 < i < s), = hhs+i + 1 := t + (s — l)doe[me], (4.32) 

4 + 1,2 = ms+i ■= t-l + sdoe[me], e = 6162 ■■■6^, and n = X]o<i<m-i ■ Then 

Ai = with m > 9((i + t)e4?7h^. (4.33) 


Proof. Suppose that f|4.33|) is not true. Then there exists bij G F;, {i,j > 1) 
such that 

S di lis+1,2 

X] I4+I,il>0 (4.34) 

i=l j=l j=ds+i,i 

and 


s di 


d 


s+1,2 


Y1 bs+ijaj{n) = 0 for all nG[0,6"*). (4.35) 

*=i i=i j=rfs+i,i 
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From fl4.26p and fl4.28p . we obtain for n G [0, 6"*) 


aj_i(n) = Res{fnZn._J and = Res(/„fcij) with j e i e [l,s]. 

Poo,Z Poo,Z 

Applying fId.Sp and fl4.2ip . we get Uj-i = g + j and Znj_i = z^^^ for j > ds+i^i. 
Hence 


S di rfs+1,2 

^^6ijRes(/n/cij) + ^ 65+1,i Res = Res(/nai) = 0 (4.36) 

-^ 00 ^‘Z' QO 

i=l j=l j=ds+i,i 


with 


Let 


S di ^s + 1,2 

ai = ^^bijkij+ ^ for ne[0,&"*). (4.37) 

i=l j=l j=ds+i,i 


s di g s di 

bo,u = -J2Yl bo,uWu, (32 = J2Y1 hihj, 

2=1 j = l U=0 2 = 1 j = l 


ds + 1,2 


(^3= ^ bs+ijZ^^^^^ and 02 =/^i +/^2 +/^s =/^i + «!• (4.38) 

j=ds+l,l 

By fl4.34l) and Lemma 5, we get 

02 7^ 0. 

Consider the local expansion 


(4.39) 


Using 


Q;2 = ''^^^rZr with ipr G Ffe, r > 0. 

r=0 

and fl4.38p . we have 

(Pnu = 0 for 0 < M < g. 


(4.40) 


(4.41) 


From fl4.27p . we derive Res(/„tc„) = 0 (0 < m < (/). By fl4.36p and fl4.38p . we get 


Poa,Z 


Res(/n/5i) = 0 and Res(/na2) = 0 for all n G [0,6™). 

P<x,Z Poo,2 
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Applying fl4.24p . fl4.25p and fl4.4Up . we obtain 


Res(/nQ!2) 

Poo 


Res 

Poo 


m—1 

E' 

/i=0 




X 

riu+l 


oo 



r=0 


m—1 oo m—1 oo m—1 

= s(’^)v?r<5n^,r = Y1 ^ 

/i=0 r=0 ’ /i=0 r=0 /x=0 

for all n e [0,6™'). 

Hence (pn^ = 0 for p G [0, m — 1]. According to fl4.2ip and fl4.4ip . we have 

ifr = 0 for re[0,m + 5 f]. (4.42) 

Therefore 

^Pooi(^ 2 ) > m + g. (4.43) 

From fl3.3p and fl4.38p . we derive 

S 

/?! +/32 £ E(G + ^^[(dj — l)/ej + l]Pj) and /^s G £((^ 5 + 1^2 + S'+ l)(^)oo)- 

i=l 

By (1051) . we obtain 


a!2 G £(Gi) with Gi — G+^^[(dj—l)/ei+l]Pi+((is+i,2+fi'+l)(^)oo~(^^+fi'+l)Poo- 

^=1 


Using fl4.32p . we have 

S 

deg(Gi) = 2g + '^di + ( 4 + 1,2 + 9 + l)deg((^)oo) - (m + + 1) 

i=l 

= 2g + sdoe[me\ + {t + g + sdoe[me\){gY^ - 1) - {m + g + 1) 

<2g + {t + g){gi^ - 1) + sdoemeg^^ - {m + g + 1) 

= g-l + {t + g) - 1) - m(l - sdoeeg^^) = g-l + {t + g) - 1) - m/2 < 0 

for m > 9{d + t)es‘^gi^ > 2{g — 1) + 2{t + g){g/^ — 1) and d = g + eo. Hence 02 = 0. 
By fl4.39|) . we have a contradiction. Therefore assertion fl4.35p is not true. Thus 
Lemma 6 is proved. □ 
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End of the proof of Theorem 2. Using Lemma 4 and Theorem I, we 
get that (x(n))n>o is a d— admissible digital (t, s) sequence with d = g + Cq and 
t = g -h eo — s. Applying Lemma 6 and Corollary 3 with i?j = 0,l<i<s + l, 
B = 0 and e = e = 6162 • • • e^, we get the hrst assertion in Theorem 2. 

Consider the second assertion in Theorem 2 : 

Let, for example, zq = s, i.e. 


^Poo{ks,j) >Tl 2 i for j>m/2-t, and 772 e (0,1). (4.44) 


From fll.4l) . Lemma 4 and Theorem I, we get that (x(n))o<n<b”‘ is a d—admissible 
digital {t, m, s) net with d = g + eo and t = g + eo — s. 

We apply Corollary 2 with s = s > 3, ilj = 0, 1 < z < s, 5 = 0, r = 0, m = m, 
e = e = 6162 ■ ■ ■ Cg, do = d + t, t = g + eo — s and cq = ei + ... + e^. In order to 
prove the second assertion in Theorem 2, it is sufficient to verify that 


A 2 = for m > 8{d + t)e{s-l)‘^r] 2 ^+ 2{l + 2g + r] 2 t)'r] 2 ^{l-r] 2 ) \ (4.45) 


where 



with 


di = rhi := doe[me], i E [I, s), dg^i = rhs+ ^ ■= m— t+ l — {s — l)doe[me], (4.46) 

ds ,2 = nis '.= m — t — {s — 2)doe[me], and e = 772 ( 2(5 — l)doe)~^. 

Suppose that fl4.45p is not true. Then there exists bij G {i,j > 1) such that 



(4.47) 


and 



Similarly to fl4.36p . we get 


Res(/,iai) = 0 for all n G [0, 6 ™), with ai = a 2 — (di 
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where 0:2 = A + /92 + /^s, with 


9 

S—1 di 


ds ,2 

Pi ^ ^ ^0,22^22: 

/^2 = kjkij 

and 

/^3 = ^ fesjfcsj (4.48) 

22=0 

i=l j=l 


J—C^s,l 

and 60, n = - Ej= 

h. h ■ 

{^) 

• 

J)22ti 

Consider the local expansions 

00 

/^1 + 1^2 = (fr^r 

r=0 

00 

and /ds = 

r=0 

with 

G Fb i = 1,2, r > 0. 

Analogously to (\AA2\j. 

we obtain 




+ <^r = 0 for re[0,m + 5 f]. (4.49) 

Using f|4.44p . fl4.46|) and fl4.48|) . we get 

^Poo {^s,j) > mi for i > ds,i > m/2 - t, and = 0 for r < [n 2 ds,i\ - 1. 
Therefore = 0 for r < [r] 2 ds,i] — 1- Hence 

^Poo(/^l +(^ 2 ) > [V2ds,l\- 

By flOgl) . we obtain 

s-l 

A + /^2 G ^(^ 2 ) with G 2 = G + — 1 )/Ci + l]Pj — [? 72 ds,i]Poo- 

2=1 


According to fl4.45l) and fl4.46p . we have 


S —1 

deg(G 2 ) = 2 g + '^di-[T] 2 ds,i] = 2g+ {s-l)doe[me]-[r] 2 {m-t + l- {s-l)doe[me])] 

i=l 

< 2g + {s — l)dQe[me] — g 2 {m — t + 1 — {s — l)doe[me]) + 1 = (1 + 772 )(s — l)doe[me] 
- mg 2 + 2g + 1 + g 2 {t - 1 ) < mg 2 i{^ + ?72)/2 - 1) + 1 + 2g + g 2 t < 0 
for m > 2(1 + 2g + ? 72 f)? 7 ^^(l — g 2 )~^- Hence /di + ^2 = 0. 

By [DiPi, Lemma 8.10] (or Lemma 5), we get that bij = 0 for all j G [l,dj], 
i G [1, s — 1] and 6oj = 0 for j G [0, g]. 
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From fl4.49p we have (pr = Q for r G [0, m + . Thus vp^ {/S^) > m + g + 1. 

Applying fl4.48p . we derive 

1^3 £ ^(Gs) with G3 = G + [{ds ^2 — 1)/G + 1]-Ps — {m + g + l)Poo- 
By 04.461) . we obtain 

deg(G 3 ) = 2 g+m—t—{s—2)doe[me\+es—m—g—l < g—t—l+es — {s—2)doe[me] < 0 

for m > e~^ and s > 3. Hence = 0. Using 03.2p and 04.48p . we get that bgj = 0 
for all j e [ds,i, 4 , 2 ]- 

By 04.47|) . we have a contradiction. Thus assertions 04.45P and 03.91) are true. 
Therefore Theorem 2 is proved. □ 


4.3 Niederreiter-Ozbudak nets. Proof of Theorem 3 

Let 

S —1 S 

m = mjCj + Tj, with 0 < r* < e*, 1 < i < s and tq = tq = Ti. (4.50) 

i=\ i=\ 

Lemma 7. There exists a divisor G of F/Wh with deg(G) = g — 1 + vq, such 
that vpiiG) = 0 for 1 <i < s, and 

■■■, Ps]G) = Afm{Pi, ■■■, Ps]G), where G = rriiPi + ■■■ + Tns_iPs-i + G. 

Proof. We have vp.{G) = ai and I'Pifti) = 1 for 1 < i < s. Using the 
Approximation Theorem, we obtain that there exists y ^ F, such that 

’^Piiu+ for up^y-F/) = as + rus + l. (4.51) 

Let f = fy and G = G — div(|/). We note 

/ G CiG) ^ div(/)+G > 0 dw{fy)+G-diviy) >0^f = fye C{G). (4.52) 

It is easy to see that r'p^{G) = roi {1 < i < s — 1), vp^G) = 0 and deg(G) = 
deg(G) = m(s — l)+ 5 f — 1. Let G = G — miPi — ... —ms_iPs_i. We get r'Pi{G) = 0 
for 1 < i < s. Hence 

deg(G) = m(s - 1) + - 1 - eimi - ... - = g - 1 + vq. 
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Let fij = Sj{ti, f) (see fl3.10l) L By fl4.5ip . we have 

fi,—j fi,—ai+mi—j 1 ^ ^ ^ S I 5 and. fs,m3—j fs,—as+ma—j with 1 ^ J ^ '^s- 

Using notations fl3.1ip . we get 

^f\f) = = iOr^,Mfi,-ai+mi-l),-,Mfi,-ai)) = Of\f) 

for 1 < i < s — 1, and 

df\f) = (Or,,^s{fs,ms-l), 'Iosifs,0)) = {Or, , ^s{fs,-as+ms-l)'Iosifs,-a^)) = 

By fl3.12p . we have 

#)(/) ;= )(/),...,0f)(/)) = ^ef\f),...,ef\f)) = 9^^\f) 

for all / G C{G). From fl3.13p and fl4.52p , we obtain the assertion of Lemma 7. □ 


By Lemma 7, we can take G instead of G. Hence 
G = miPi +... + ma_iPs-i +G^ and ai = rrii, l<i<s — l, 0 ^ = 0. (4.53) 
Let 'dj = (dj^i, ...,'dj^ei)- From fl3.1ip . we get for 0 < ji < m* — 1, 1 < ji < e^, that 

^f\f) = {0i,l{f),-,0i^rn{f)) = {0ri,'9i{fi,-l), I < i < S - 1, 

with and 

Of\f) = (d.,l(/),...,d.,™(/)) = {Or,,Mfs,m,-l),...Mfs,o)), (4.54) 

with 


Lemma 8. Let 'di = ('dj^,: Fp^ —)■ be an Wb-linear vector 

space isomorphism. Then there exists an Wb-linear vector space isomorphism 'df- = 

■ ^Pi K such that 

= '^{}ij{x){}j-j{x) for all x,x e Fpi, 1 <i < s. 
i=i 

Proof. Using Theorem F, we get that there exists ftij G Fp, snch that 

= TrFp./F,(2/A,i) 1 < J < e*, (4.55) 
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and is the basis of Fp. over F;, (1 < i < s). Applying Theorem G, we 

obtain that there exists a basis of Fp. over F;, snch that 

/F, (ApiAp 2 ) = with 1 < ji, j 2 < ei. 

Let X = ^ = ^i=i 

:= 7j = TrFp./F,(x/?,:|-^). (4.56) 

By fl4.55l) . we have = ^ij{x). Now, we get 

6i 6j 6j 

TrFpyF,(a:x) = Y1 = 5^7j7i = (^)- 

iij2=i i=i i=i 

Hence Lemma 8 is proved. □ 

We consider the i7-differential dig. Let uj be the corresponding Weil differential, 
div(ci;) the divisor of uj, and W := div((iG) = div(a;). By fl2.4p and fl2.6l) . we have 

deg(W) =2g -2 and iyp,{W) = vp^dts) = vp^dts/dts) = 0. (4.57) 

Using notations of Lemma 7, we dehne 

= msPs — G+ W, where deg(G') = — 1 + ro and Fp.(G') = 0 (4.58) 

for 1 < i < s. Let := vp^{G^ — W) for 1 < i < s. We obtain from fl4.58l) that 
= 0 for 1 < i < s — 1 and = m^. Let f-^ G C{G-^), then div(/-‘-) + W + G-^ — 
fU > 0 and z/p.(div(/-^) + W) > —up.{G-^ — W). Applying fl2.6p . we get 

np,(/-^dG) = z/p,(/-^) + up.{W) > -Fp.{G^ -W) = -a:^, with = 0, (4.59) 

1 < i < s — 1, and aj- = for /-*■ G £(G-*-). According to Proposition A, we have 
that there exists r* G F, snch that 

dtg = Tidti, 1 < i < s. (4.60) 

From fl2.4l) and (14.591) . we get 

FPiif-^Ti) = up.{f^Tidti) = z/p,(/-^dG) > -a,^, l<i<s. 
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By (B, we have the local expansions 


f^Ti ;= ^ where all f-^Ti) e Fp. 


(4.61) 




for 1 < i < s and f-^ G C{G-^). We denote Sj{ti, f-^Tt) by f^j. 
Using fl2.7p . fl2.8p and fl4.56p . we denote 




(4.62) 


and 'df- = 'wi^h 1 < jj < e^, -a^ < ji < -af + m* - 1, 1 < i < s. 

For f-^ G /^(G-*-), the image of f-^ nnder for 1 < i < s, is dehned as 

' ' ‘ t ‘ I ' 

It is easy to verify that 


1 < i* < G, 0<j,<mi- 1, 


(4.63) 


1 < -i < s — 1 and 9'^-. (f'^) = ■9'^-. (f'^ 0 < js < rris — 1. (4.64) 

— — Sjses+J.'-' ' S.7.s.—m., + 7.,/ ’ — — * ' 7 


s,js s,-ms+js 


Let 


j(G,±)(^±) _ (4(G),...,4(/-^)) eF”*. (4.65) 

Let cpi = ..., pi^n) with pij e¥b {I < j < n, I <i < s), and let 

S 

$ = {(^ = (cp^,..., Cfi^) \cfi^e¥l% i = 1,..., s} with dim($) = tq = ^ rp (4.66) 
Now, we set 


i=l 




(4.67) 


where 

3-L^^-L 


We dehne the F;,-hnear maps 

S(G.±) . j,) ^ |f.™_ ^ (4.68) 
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(4.69) 


and : £(G'^) ^ F^, 

The images of and g^j^g denoted by 

H„ := {«<«’-^>(y, v) I £ £(G^), v= 6 4} 

and H,„ := | £ £(G-^)}. 

Lemma 9 With notation as above, we have ker(0’'‘^’“*“)) = 0 and 

<m +g-l + eo-VQ. 

Proof. Consider fl4.57p - fl4.60p . Let f-^ E \ {0}, and let 

^Piif^ri) = di for l<i<s-l, = ds - nis. (4.70) 

We see that 

div(/^) + > 0, with = m^Ps -G + W and W= (dp). (4.71) 

Hence 

z/p(div(/^) + m,F, -G + W) >0, for all F E P^. (4.72) 

By fl2.4p and fl2.6p . we obtain pp.[W) = Pp^{dts) = iyp.{Ti), 1 <i < s. 

Bearing in mind fl4.70l) and that np,(G) = 0 for i G [1, s], we get 

z/p,(div(/-*-) -|- TUsPs — G -|- W) = dj > 0, 1 < i < s. 

Therefore 

S 

r'p.(div(/-‘‘) -I- G) > 0 for E C,{G^) \ {0}, where G = G^ — djPj 

i=l 

and G"*- = rOsPs — G + W. Taking into acconnt that /-*■ G £(G-*-) \ {0}, we obtain 

S S 

0 < deg(G) = deg(G-^ -'^diP^ = deg(G-^) -^diep 

i=l i=l 

By fl4.57l) . fl4.58p and fl4.50p . we get 

S 

diOi < deg(msPs - G + W) = msCs - {g — I + fo) + 2g - 2 = m — tq + g — 1. 
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According to 04.611) . 04.62p and 04.701) . we obtain 

=0 0 < j < d, and ^0, l<i<s. 

From 02.22p . 04.64p and Lemma 8, we have 

< (di + l)ei for l<i<s. 

Applying 04.65P and 02.23p . we derive 

S 

< ^(di + l)ei <m +g-1 + eo-ro. 

i=l 

By 02.24p . < m + — 1 + cq — tq. Taking into account 02.22p and that 

s > 3, we get ker(6'('^’-^)) = 0. 

Therefore Lemma 9 is proved. □ 

Lemma 10. With notation as above, we have that dim(Sm) = 

Proof. By 04.57p and 04.58p . we have 

deg(G-^) = (\.eg{msPs-G+W) = mses-9Leg{G)+2g-2 = m-rs+2g-2-ro-g+l. 

Using 04. hop and the Riemann-Roch theorem, we obtain for my g + eo — l>g + ro 
that 

dim(£(G'-‘-)) = deg{msPs — G + W) —g + l = m — rQ + 2g — 2 — 2g + 2 = m — vq. 

From 04.66p . we have dim($) = vq. Hence 

dim <F)) = dim(£(G-‘-)) + dim($) = m — tq + ro = m. 

By Lemma 9, we get ker(6'(‘^’-‘-^) = 0. Bearing in mind that 6'('^’-‘-)((£(G“‘“), <F)) = 
Sm, we obtain the assertion of Lemma 10. □ 

Lemma 11. Let f G C{G), and /■*■ G £(G-*-). Then 

S 

^Res(//^dG) = 0, (4.73) 

1=1 
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(4.74) 


mi-1 

Res(//^dt,) = T^^FpJf, {fi,-j-i /i) , 1 < i < s - 1 

i=o 

ms —1 

and Res{ff^dts)=Y^'^Fps/'P»{fs,m.-j-ift-ms+j)- (4-75) 

3=0 

Proof. By fl4.53p and fl4.58l) . we have 

G = miPi + ... + + G, and = mgPs — G PW. 

Bearing in mind that div(/) + G > 0, div(/-‘-) + G^ > 0 and that W = div(dts), 
we obtain 

S S 

div(/)+^miPi+G+div(/^)-G+iy = div(/)+div(/^)+^miPi+div(dp) > 0. 

i=l i=l 

From 02.61) . we derive 

vp{ff^dts) = vp{ff^) + z/p(div(dp)) > 0 and Res(//-^dp) = 0 
for allPeP/\{Pi,...,Pj. 

Applying the Residne Theorem, we get assertion 04.731) . 

By 03.101) and 04.611) . we derive 

CO CO 

Res(//^dp) = Res( Y /^)t^/dp) 

jl=0 j 2 =-ms 

CO CO 

= E E p{SiAt.,f)Sj,{t.,p)tf+i^dt.) 

jl=0 j2=-ms 

0<jl<ms-l, jl+j2 = -l 

rris — l rris — l 

= Y "^"^FpJW.iSm^-j-litsJ') f^)) = Y '^^FpJ¥,{fs,ms-j-l f^-ms+j)- 

3=0 j=0 

Hence assertion 04.75p is proved. 

Analogonsly, nsing O4.60p . we have 

CO OO 

Res(//^dp) = Res{ff\dti) = Res( Y (ti,/)tf Y f^Ti)tfdu) 

3l=-mi J2=0 
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Y1 {Sji iu, f) Sj, {ti, f^Ti)) , 

0<j2<mi-l, ji+j2=-l 

mi-1 

= TrFp^/Fi, /i), for 1 < i < s - 1. 

j =0 

Thus Lemma 11 is proved. □ 

Lemma 12. With notation as above, we have Em = ...,Ps,G). 

Proof. Using fl3.14p and Lemma 10, we have 

dim]F^(A/’m) = Fiis — m and dimF^(Sm) = rn. 

From (I3.13p . fl4.68p and (I4.69p . we get that Mm, Sm C F™'^. 

By (I2.17p . in order to obtain the assertion of the lemma, it is sufficient to prove 
that A - B = t) for all A E Mm and B E Em- 

According to (13.111) . fl3.13p . fl4.54p and (14.641) - (14.691) . it is enough to verify that 


A-B = = 0 with Si = ^^)) for ah / G £(G), (4.76) 


2=1 


and (p) G (/^(G-*-), <F). From (I4.54p and (I4.62p - (I4.64p . we derive 


rrii-l 


ei 


with ><ij, = 5^0.,.,+j,ei+h(/) 
i'i=o ji=i 


Using (I4.54P and (I4.64p - (l4.67p . we have for ji E [0, ruj — 1], ji E [1, ej] 

^S,rs+]ses+hif) = ^Sjsifs^m^-js-l) and Cf)) = 

0,,,,+j,ei+L(/) = and cp)) = l<t<s-l. 

By Lemma 8 and (I4.77p . we obtain 

^s3s ~ S,ms-.?s-l) s,~js^^s-ms+'ja'^ ~ FpJWi,{^f S,ma-'js-^ ifs-rris+js) 

ji=s 
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and 


ei 




ii=i 


From fl4.74p . fl4.75p and fl4.77p . we get 

Sj = Res(//‘‘'dts) for 1 < i < s. 

Pi 


Applying Lemma 11, we get assertion fl4.76p . Hence Lemma 12 is proved. □ 


Let 

Gi = G + QiPi - QsPs with Qs = f + 1 and g* = [- —liLlLMi] + i (4.78) 

for i G [1, s — 1]. By (I4.58p . we have deg(G) = g — 1 + ro and I'PiiG) = 0, i G [1, s]. 
It is easy to see that deg(Gj) > 2g — 1, i G [1, s — 1]. Let Zi = dim(£(Gj)), and let 
u^i \ ...,Uzi be a basis of C{Gi) over F;,, z G [1, s — 1]. 

For each z G [1, s — 1], we consider the chain 


C{G,) c £(G, + P,) c £(G, + 2P,) c ... 


of vector spaces over F^. By starting from the basis ..., zzi*^ of C{Gi) and 
snccessively adding basis vectors at each step of the chain, we obtain for each 
n > Qi a. basis 

{«»,....«», .... ,,.... ki;;j ( 4 . 79 ) 

of C{Gi + {n — Qi + l)Pi). We note that we then have 


^ji,j2 ^ + (P -^i + ^)Pi) and = -ji - 1, t^Psik^uj2) > <ls (4-80) 

for ji > qi^, 1 < j 2 < Cj, 1 < z < s - 1. 

Let G = G + gPg. We see that deg(G) = g — 1 + ro + gcg >2g — l. Let u^i \ ..., u^zo 
be a basis of C{G) over F^. In a similar way, we constrnct a basis 
{zzS°\ ...,zzij, /cjl,..., fcg.,..., •••, of + QiPi) with 

^ + (-^1 + and vp.{kf^ -^) = -ji - 1 for ji G [0, g*), (4.81) 

1 < 42 < Cj, 1 < z < s — 1. 


(h ^ _ 




47 














Now, consider the chain 

C{q,Ps -G + W)c Ciiqs + l)Ps -G + W)c...c C{G^ - Ps) c £(G'^), 


where G-^ = rUsPs — G + W and = [{g + ro)/es] + 1. By 04.571) and 04.58p . we 
have deg(G) = g — 1 + fo, deg(hh) = 2g — 2 and ^'p^(G') = up^{W) = 0. Hence 
deg(gs-Ps — <5 + H7) > 2g —1. Let u[^\ be a basis of C{qsPs — G + W) over F;,. 

In a similar way, we construct a basis •••’ •••; ^n,L} 

of C{{n + l)Ps — G + W) with 

^h,j 2 ^ -G + W) and = -ji - 1 for ji > g. (4.82) 

and j 2 G [1, e*]. By 04.79p - 04.8ip . we have the following local expansions 




JI J2 


oo 


r=-ji 


Ahj 2 ).r-l 
^jl,r L 


for 


X, 


ihh) 
jl ,r 


Fp. 


e [l,s]. 


(4.83) 


Lemma 13. Let ji > 0 fori G [1, s —1] and let js > qs- Then 
is a basis of Fp^ overFi, fori G [l,s]. 

Proof. Let i G [1, s —1] and let ji > qi. Suppose that there exist oi,..., G F;,, 
such that J2i<j<eiP^ji’!-ji = 0 (ai,---,aej 7 ^ (0, ...,0). By (|4.83p . we get 

z^Pi(a) > -ji, where a := J2i<j2<ei P^jlj 2 - Hence a G C{Gi + {ji - qi)Pi). We have 
a contradiction with the construction of the basis vectors 04.79p . 

Similarly, we can consider the cases i G [l,s — 1], ji G [0, g^ — 1] and i = s. 
Therefore Lemma 13 is proved. □ 

Lemma 14. Let di > 1 be an integer {i = 1, ...,s — 1) and /■*■ G G'^. Suppose 
that Resp^^tsif'^kflj^) = 0 for ji G [0,di - l],j 2 G [1,6^] and i G [l,s - 1]. Then 

"^ 62 (/ii) = 0 fo e [0, di-l], js G [1, ei] and i E [1, s - 1]. (4.84) 

Proof. By fimi) . 04^21) . fl4T8l) . fOnl) and fOTD . we have i/p(div(/^) + 
m-sPs — G + W) > 0, for all P G Pp and ^ OpPs + (ji + 1)-Pj) with 
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some integer 

From fl2.4p . fl2.6p and fl2.7p . we derive 


> 0 and Res^f-^k'^'d^dts) = 0 for all P e \ {Pi, PJ. 




Applying fl4.60p and the Residue Theorem, we get 


Res(/^r,A;g^.J = Res(/^fc}R dp) = -Res(/^/c]R dp) = -Res(/^A:}R ) 

for all 0 < ji, 1 < 42 < Cj, 1 < i < s — 1. 

By fl4.6ip . fl4.83p and the conditions of the lemma, we obtain 


dd 


e-i-ud) 


dd 


ges(/^4jJ=Res(/^r,fc«^g = Res(^ 


dd 


oo oo 




dj2) .r-1 


j=0 


r=-3i 


= = 0 (4.85) 

j=0 r=-ji j=0 

for 0 < ji < dj — 1, 1 < j 2 < ei, and 1 < i < s — 1. 

Consider fl4.85p for ji = 0. We have Pp .= 0 for all j 2 E [l.e*]. By 
Lemma 13, we obtain that f^Q = 0. Suppose that /A = 0 for 0 < j < jo- Consider 

(I 4-85P for ji = jo. We get T^rFpj¥t,iL\jo^jo!-]o) = ^ P ^ [I-®*]- Applying 

Lemma 13, we have that = 0. By induction, we obtain that /A = 0 for all 
j G [0, dj — 1] and i G [1, s — 1]. Now, using fl4.62p . we get that assertion fl4.84p is 
true. Hence Lemma 14 is proved. □ 

Lemma 15. Let s > 3 ; be a basis of FpjWb, 

~ ^dd2))di,i<ii<di,2,i<i2<ei,i<i<s-i’ 


S 


ds,i<ji<ds,2A<j2<es 


r e 

with ds,i = Tils + I — [t/es] — (s — l)dorhe/es, m = [me], m = m — tq, 

ds ,2 = ms-2- [t/cs] - (s - 2)dome/es, dj,i = qi, di ,2 = domje/ej - 1, (4.86) 
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i e [l,s-l], do = d+t, e = 6162 ■■■es,e = r]{ 2 {s-l)dQe) \ r] = (l + deg((t5)oo)) ^ 
Then 


Ai = F^, with X = ^(di, 2 -dj,i + l)ej for m > 2{g-l+eo)es+2t{r] ^-1). (4.87) 

i=l 


Proof. Suppose that (14.871) is not true. Then there exists 6 ^* ^ (^, Ji ,72 > 


1 ) such that 


S di,2 ei 

E E E I€„I 

*=i ii=rfi.ii2=i 


> 0 


(4.88) 


and 


iz ^ ') = 0 (4.89) 

. 1 ... 1 r's^ls J • 1 

^=1 3l=di,l J2 = l .?l=Cts,l J2 = l 


for all f-^ E C{G-^). Let a = Oi + 02 with 

«. = E E Ee,hL -d g Ee/L< 

*=1 jl=di,l i2 = l jl=ds,l i2 = l 


rris-ji-l 

s 


(4.90) 


By fl4.89p . we have 


Res(/'*'Q!) = 0 for all /■*■ G C{G~ 

Ps 


(4.91) 


From fl4.8Up . we get r'p^ia) > g^. Consider the local expansion 

00 

iPrtl with ipr E Fp^ for r > q^. 


a = 


r=qa 


Suppose that > jo := z/p^(a). Therefore 7 ^ 0. From (14.821) . we obtain that 
E jC.{G-^) for all 72 G [1,6^]. Applying (I4.83P and (I4.9ip . we derive 

00 00 

ges(^joj2«) = ges( ^ ° 


J=-30 


r=Jo 


50 














for all j 2 G [l,es]. By Lemma 13, ^ Hence 

(pjg = 0. We have a contradiction. Thus i^p^{a) > rris. 

We consider the compositum held F' = FFp^. Let IBi,..., 03^ be all the places 
of F'/Fp^ lying over Pg. From fl2.1ip . we get 

i^<Bi{a)>mg for i = (4.92) 

According to fl4.78|) and fl4.80p . we obtain 

s-l 

«! G Cf{Ai) = C{Ai), with Ai \= G — QgPs + ^^{di ,2 + 1)-Pj. 

i=l 

Applying Theorem D(d), we have 

Oil G £i?/(Coni7’'/F(Ai)). 

By fl4.90l) . we derive 

« 2 G£i..(A 2 ), with A2 = mcr‘-<^-\ 

Using (14.92p . we get 

a G Cf'{Ai + A 2 - rris 

i=l 

From fl2.9ll . Theorem D(a) and Theorem E, we derive ConF'/F{Ps) = J2i=i^ij 
ConF>/F{{ts)D = and 

aeCF'iAs), with A 3 = Coni;^//ir(Ai + (m^ - - 1 )(U)^ - 

Applying Theorem D(c) and fl4.78|] . we have 

S—1 

deg(A 3 ) = deg(^G + ^(di ,2 + ^)Pi + {rris - - 1 )(P)^ - rrigPg^ 

i=l 

<g-l + ro + {s- l)doem + (m^ - 4p - l)deg((p)oo) - msOg 

< g — I + Co — Cg + {s — l)doem + ([t/e^] + (s — l)do7fie/eg — 2){g~^ — 1) 

- mgCg < g -l + eo + {t/cg - 2){g~^ - 1) + (s - l)doem(l + - l)/eg) - m 

< g -l + eo + t{g~^ - l)/eg - m[{2eg)~^ + (1 - h/ 2 )(l - l/e^)) < fd - m/{2eg) < 0 

for m > 2eg(3, with /3 = g — l + eo + — l)/es and e = g{2{s — l)doe)~^. 

Hence a = 0. 
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Suppose that Ej=d,,i E%=i = 0- Then a 2 = 0 and 
for all ji G [ds,!, c^s, 2 ]- Bearing in mind that {,(^j'jji<j 2 <e 2 is a basis of Fpj¥h, we 
Y.’ji’ldsi EjEi I^iij 2 l = 1|4-88P ' we have a contradiction. 


0 


Therefore there exists h E [1, s — 1] with 


dh,2 bh 

E EiCp>o- 


h=dh,i i2=i 


Let •••) be all the places of F'/Fp^ lying over Ph. Let 


jl=di,i j2=l 


(4.93) 


Let Pp^its) > 0 or 02 = 0. Therefore r'®^^(a 2 ) > 0 for 1 < j < Hh. Taking into 
account that ai = — 02 , we get (oi) > 0 for 1 < j < and up^i^ai) > 0. 
Using fl4.58p . fl4.78p . fl4.8Up and fl4.86p . we obtain up^{ai^i) >OioTl<i<s — l,ij^ 
h. Bearing in mind (|4.93p and that {u[^\ ...,^1^^ kfji ,..., kq’l]eh, ■■■, is 

a basis of C{Gh + {n - qh + l)Ph), we get 


ai^h e C{Gh + (j -qh + l)Ph) \ P{Gh + (j - qh)Ph) with some j > qn- 
By fl4.78p and fl4.8Up . we get Z2p^(ai,/i) < —1. We have a contradiction. 


Now let vp^its) < —1 and 7 ^ 0. We have r'p^(ai,h) > —dhg — 1, > 

—dh ,2 — 1 and (ai) > —dh ,2 — 1, j = 1, On the other hand, using fl4.90p 

and fl 2 . 1 ip . we have ( 02 ) < —— 1), j = 1, According to fl3.17p 

and fl4.86p . we obtain s > 3, Ch > Cg and 

ms - ds,2 - 1 - dh,2 - 1 = [t/e^] + 1 + (s - 2)doeme/e^ - dome/et > 1. 

We have a contradiction. Thus assertion fl4.89p is not true. Hence fl4.87p is true 
and Lemma 15 follows. □ 


End of the proof of Theorem 3. 

Using fl2.15p . fl3.15p . fl4.67p - fl4.69p and Lemma 12, we have 

Pi = {i(p, = (ii(p, ^),i.(p, ^)) I e C(G^), vet} (4.94) 
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with 


fit 11L I 1 

j=i j=i j=i 

By fl3.16l) . we have 

V 2 = {i(/^) = {xiU ^),..., Xs{f^)) I G £(G'^)} (4.95) 

with 

XiU^) = Y l<i<s. (4.96) 

i=i 


Lemma 16. With notation as above, V 2 is a d—admissible {t,m — tq, s) net in 
base b with d = g + cq, and t = g + cq — s. 

Proof. Let J = Y[i=A-^i/^‘^"^ with di > 0, and 0 < A* < b^\ 

I < i < s, and let = Y[i=i[Ai/b'^" + + (A + l)/b'^^~^^A with 

+ ... + 'ijji^ri/b'^% i>i,j e Zb, I < i < s, di + ... + ds = m - vq - t . 

It is easy to see, that 

x(/-^) G J x(/-^, (p) G with ^jJiJ = l<j<ri, l<i<s. 

Bearing in mind that Vi is a {t, m, s) net with t = + eg — s, we have 

Y U'>^,x(/^))= Y = b^- 

/-Le£(G-L) /-Le£(G-L),¥>G# 

Therefore V 2 is a. {t,m — vq, s) net in base b with t = + eg — s. 

Using fl4.69p . Dehnition 5 and Dehnition 9, we can get d from the follow¬ 
ing equation —SAi'^m) = —{m — tq) — d + 1. Applying Lemma 9, we obtain 
— (m -|- — 1 -f eg — rg) < —(m — rg) — d -|- 1. Hence d < g + Cq. Thus Lemma 16 
is proved. □ 

Let Vi C be a vector space over F^, /i, > 1, i = 1, 2. Consider a linear map 
h \ Vi —?• V 2 - By the hrst isomorphism theorem, we have 

dimF(,(Ui) = dimF(,(ker(h)) -h dimF^(im(h)). (4.97) 
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Let 








''Ps,ts' <is,l<jl<ds,2A<j2<es 


I G C{G^ 


and 


Ao — 




±^ms jl I J^gg^J-L^W ^ ^ Q 

* '' ds,l<Jl<ds,2A<J2<es ' Pg 


for 0 < jl < di^ 2 ,1 < j 2 < ei,l < i < s - 1, f-^ e 

with ds,i = nis + I — [t/es] — {s — l)do7he/es, 

ds,2 = ms-2 - [t/es] - {s - 2)dome/es, ci*,! = Qi, di^2 = d^me/ei - 1, (4.98) 

i e [l,s-l], do = d + t, e = 6162 • • -e^, e = 7]{2{s-l)dQe)~^, rj = (l + deg((^^)oo))“^ 
rh = [me], fh = m—ro, m > 2{g — l+eo)es + 2t{rj~^ — 1 ) , d = g+eo and t = g + eo — s. 
By fl4.97p . fl4.98p and Lemma 15, we have dim]pj_(A';^) > dim]fj,(Ai) and 

dimF,(A 2 ) = dimp^A'i) - dimp^ (| (Res(/^/cg^.J)o<ii<d, , 2 ,l<i 2 <ei |/^ 6 £(G^|) 

\ n,ts l<i<s-l ^ ^ 


s-\ 


s—1 


s—1 


> dimF^(Ai) - + l)ei > ( 4,2 - 4 ,i + gA* = dperh - 2 e^ - g, 


e,;. 


i=l 


i=l 


2=1 


Let 

^3 = 


Psd. 


± f±^mg-ji-l\\ I n± ( f-i- ) = Q 

J S ' ) dg,l<n<dg,2,l<j2<es ' 


S,J 2 J s 


for 0 < jl < 4,2 ,1 < j2 < e*, 1 < i < s - 1 I /-^ G £(G-^)|. 
Using Lemma 14 , we get A3 3 A2 and dimp^As) > dimF4l^2)- Let 


A 4 





y 6 £(Gy}, 


Taking into acconnt that V2 is a (t, m — rp, s) net in base b, we get from fl 4 . 95 p that 
dimFj,(^4) = ~ l)doerh. Let 


^5 



0<jl<di,2A<j2<e 




dB,l<jl<ds^2 

l<t 2 <es 


P e £(G-^)}. 
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By (gZHDand fHTITll . we have 

diniFgAs) = dimpgAg) + dimFgA 4 ) > sdoerh - 26^ - 2(s - l)( 5 f + eo). 

Let Till = doem, m = [me], m* = 0, i G [1, s — 1] and trig = m — t — {s — l)mi. 
Bearing in mind that - (/■*■) = 

i G [1, s — 1] (see f|4.63|) L we obtain 


Bearing in mind that . (f-*-) = ■dA (f A ) for 1 < L < e,, 0 < h < mj — 1, 


fl-L f ^J 




^ — \ ^,32\J 31 f 




(4.99) 


From 04.981) . we have rhg < dg^ieg and {ds ^2 + 1)6^ < rhg + rhi. Taking into account 
that 

K3ies+32ifi-m^+3l) = 

(see 04.62P and 04.64p L we get 




D 


l<ji<rhi 


<ji<<is,2A<32<es 


Let 


G £(G^ 


(4.100) 




Ae = 

By OTOOl) and flATOOD . we derive 

dimpgAe) > dimpgAs) > sdoem - 2es - 2{s - l){g + cq). 

Applying (I2.15p . (I3.16p . (I4.95p and Lemma 2, we get that there exists 
Bi G {0,..., m — 1}, 1 < i < s such that 

Ar = Wfoerh-doeB m > 1 , 

where B = #i?i + ... + ^Bg < 4(s — l){g + Cq) and 


(4.101) 


A 7 = Ue 


i,rhi+jidoe+ji 


(/^) I ji G Bi, ji G [1, doe], i G [1, s]) |/^ G >C(G^) 


■y±^ 


with i?j = {0,..., rh — 1} \ Bi. 
From 04.96p . we have 


i^i,rhi+jidoe+ji{f )\ji ^ e [l,doe],i G [l,s]) 1/ ^ ) \ — Zl 


J_\ 1 ysdoem—doeB 
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We apply Corollary 2 with s = s, r = vq, m = m — tq, e = ri{2{s — l)dQe) ^ and 

6 = 6 = 6^62 * * * 65 . 

Let 7 (/-L,w) = 7 = ( 7 ^^), ..., 7 (^)) with 7 ® := [(x(/-L) © w)h)]^., i e [l,s]. 
Using f|4.96|) and fld.lOip . we get that there exists f-^ G G-^ snch that 7 (/-‘-,w) 
satisfy fl2.25l) . Bearing in mind Lemma 16, we get from Corollary 2 that 


A((x(/^) ©w)^±eGi, J^) 


> 2-^b 


-2u-d 




(4.102) 


for m > 22 ^+ 35 '^+*+®(d + ty{s — + eo)eri~^~^^. 

Taking into acconnt fll.2|] . and that w e is arbitrary, we get the second 

assertion in Theorem 3. 


Consider the hrst assertion in Theorem 3. 

Let 7 = ( 7 ^^^..., 7 ^'^^) with 7 ^*) = i E [l,s], and let w = E 

with j ^ [1, m — ro], f e [1, s]- By fl4.94p and fl4.95p . we have 

<p) © e [0, 7 ) 7=7 Xi{f-^) © E [0, 7 i) and © Wjj = 0 

for j E [ 1 , 7 ], i E [l,s]. Hence 

5^(l([0i7)ix(/^,(p) © w) -7o) = l([0,7),i(/^) © W) -7o, 

where [0,7) = nLi[ 0 > 7 ^*^), [ 0 , 7 ) = 7 o = 7^0...^(®) and 

7o = 70)...7C). Therefore 

Y1 (l([0,7),i(/^,¥^) © w)-7o) = (l([ 0 , 7 ),i(/^) © w)- 7 o). 

7e£(G-L),<^e4- /-Le£(G-L) 

Using fll.ip . fll.2p and fl4.102p . we get the hrst assertion in Theorem 3. 

Thns Theorem 3 is proved. □ 


4.4 Halton-type sequences. Proof of Theorem 4. 

Using fl3.24p and fl3.25p . we dehne the seqnence (x^*j)j>i by 


E 


.(d U-j2+ei 

n,jiei+j2^ 


J2=l 


(d 






00 ™(d 

,(*) V ^ 

^ hi 

j=0 


00 Ci (i) 

Z-^ hii<^i+i2 ’ 
ii=0i2=i 


(4.103) 
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1 < i < s, with {x^n\ = x„ = ^{fn), and n = 0,1,... . 

Lemma 17. (x„)„>o is d— admissible with d = g + cq, where Cq = ei + ... + e^. 
Proof. Suppose that the assertion of the lemma is not true. By fll.ip . there 


exists h > k such that 


h Q k 


IxnGx^llj, < b 


—d 


Let di + 1 = diCi + di with 1 < dj < e*, 1 < i < s, n = h © fc, ||n||, = h 


m—l 


and let 


x^exf 


= b I < i < s. Hence m — l — + 1) < —d — 1, and 


m + g — 1 — djCj < m + — 1 — + 1) + Cq < —d — 1 + + cq < 0. (4.104) 


1=1 


i=l 


(i) (0 

/y» ' ' - ry» '■ ' 

'^k,r 


We have 

am-i{n) i- 0, ar{n) = 0, for r > m, 
for r < dj, 1 < ^ < s. From fl4.103p . we get 

& = 41 ° 0 < ji < di, 1 < i < s. 


(4.105) 




Suppose that = 0, then = /h;) and = x'f\ for 1 < j < (dj + 1)6^. 
Taking into account that dj + 1 < (dj + l)ei, we have a contradiction. Therefore 
/ndi 7 ^ 0) all 1 < i < s. Applying fl3.23p . we derive z/p.(/„) = dj, 1 < i < s. 

Using (|3.18p -(l3.20p and (|4.105p . we obtain/„ e £((m+5f-l)Ps+i-X)i=i diPi)\{0}. 
By fHTOni . we get 

S S 

deg((m + g - l)Ps+i - ^ diPi) = m + g - I - diet < 0. 




dO 


dO 


dO 


i=l 


2 = 1 


Hence /„ = 0. We have a contradiction. Thus Lemma 17 is proved. 


□ 


Consider the P—differential dfs+i. By Proposition A, we have that there exists 
Ti with dp+i = TjdU, 1 < i < s. Let W = div(dp+i), and let 

Gi = W + qiPi- gPs+i, with qi = [{g + 1) / d + 1], l<i<s. (4.106) 
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It is easy to see that deg(Gj) >2g — 2 + g + l — g = 2g — 1, 1 < i < s. Let 
Zi = dim(£(Gj)), and let Ui \ be a basis of C{Gi) over F^, 1 < z < s. 

For each l<z<s — 1, we consider the chain 


C{G,) c £(G, + P,) c £(G, + 2P,) c ... 

of vector spaces over F;,. By starting from the basis ..., of C{Gi) and 
snccessively adding basis vectors at each step of the chain, we obtain for each 
n > Qi a. basis 

/,,h) „ h) lW u{i) lW uii) \ 

of C{Gi + {n — qi + l)Pj). We note that we then have 

^ + (ji ~ + 1)-Pi) \ ^{Gi + (ji — qi)Pi) (4.107) 

for qt < ji, 1 < j 2 < Ci and 1 < z < s. Hence 

+ bF - gPs+i + (ji + l)Pi > 0 and + ^p,+i{W) > g. 

From fl2.4p and fl2.6p . we obtain 

Therefore 

z^p,+i(bF)=0 and > c/. (4.108) 

Now, let Gi = W + {ei + l)Ps+i — Pi- We see that deg(Gi) = 25 f — 1. Let 
be a basis of C{Gi) over F^. In a similar way, we construct a basis 
{'ki\ •••,4?) •••) •••) •••, of k:{G + qiPi) with 

kjlj 2 ^ + {ji + l)Pi)\C{G + jiPi) for ji G [0,gi),j2 G [l 5 ej],z G [l,s]. (4.109) 


Lemma 18. Let jde}} he a basis of FpjWt,, s > 2, di > 1 be integer 

(z = 1,..., s) and n G [0, 6"*). Suppose that Resp^^^^ts+iifnkj^j^) = 0 for 
ji G [0,di — 1], j2 G [l,ej] and i G [l,s]. Then 

fnjJ = 0 for Ji G [0, di - 1], J 2 e [1, Ci] and z G [1, s]. 
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Proof. Using fl4.107p and fl4.109p . we get 

= -ji - 1 - PPiiW) for ji > 0, ja e [1, e*] and i e [1, s]. 

From fl2.4p and fl2.6p . we obtain 

= PPiiTidti) = np,(dU+i) = z/p^(div(dU+i)) = np^iW). (4.110) 

Hence 

= -ji - 1 for ji > 0) h e [1, Ci] and i e [1, s]. (4.111) 

By fICTm and fICTOll . we have 

div{kflj^) + div(dU+i) + (ji + l)Pi + aj^Ps+i > 0 (4.112) 

for ji > 0, ja G [1; Cj]) i ^ [1; s] and some aj^ G Z. According to fld.lSp and fl3.20p . 
we get fn G £((m + g — l)Ps+i). Therefore 

^p{fnkf^j^dts+i) > 0 and Res(/„fcfo^dfo+i) = 0 for all P G P/ \ {P*, Ps+i}- 
Applying the Residue Theorem, we derive 

Res{fnkflj^dts+i) = -Res{fnkflj^dts+i) (4.113) 

Pi ' Ps+l * 


for ji > 0, ja G and i G [l,s]. Using fl4.11ip . we get the following local 

expansion 


T-.Pd 

Pfolj2 


OO 

xhj2),r-l 

r=-ji 


where all G F;, and ^ 0 

jlj' JlsJl' 


for ji > 0, ja G [1, Cj] and i G [1, s]. By fl3.23p and fl4.113p . we obtain 




Pi,ti V 


j=0 


r=-]i 


EE 

j=0 r=-ji 




id. 


yddh) 
n,] ji ,r 


Jl 


)^j-r - y^Trp^jF^(/, 


(0 P* 42 ) n _ Q 


(4.114) 


1=0 
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for 0 < ji < (ij — 1, 1 < j 2 < Ci and 1 < i < s. Similarly to the proof of Lemma 
14, we get from fl4.114p the assertion of Lemma 18. □ 

Lemma 19. Let s > 2, do = d + t, e = rii{2sdoe)~^, rji = {1 + deg((ts+i)oo))~^, 

l<i2<ei 

with e = 6102 ■■ - Cs, Cs+i = I, ds+i,i = t + {s - l)do[me]e, 

ds+i ,2 = t-l + sdo[me]e, d*,! = g*, di ,2 = do[me]e/ei-g-1 for z e [1, s], (4.115) 
and m > \2g — 2 + 2{t + g — 2 )(z 7 f^ — 1)| + 2t + 2/e. Then 

S +1 

Ai = with X = ^(di ,2 - di,i + l)ej. (4.116) 

i=l 







Proof. Snppose that fl4.116p is not trne. We get that there exists G 
(h ji ,42 > 1) snch that 


s di^2 ei rfs+1,2 

E E E iCp + E (4.117) 

*=1 h=di,i i2=l ji=ds+i,i 

and 

s di^2 ei da+1,2 

E E E^SEp^ey (/"hL)+ E 65/+^^a,,(n) = 0 (4.118) 

• 1 • j -1 -^s+l?Cs + l . 

^=1 :/l=ai,l J2 = l 3l=ds+l,l 

for all n G [0, 6™). From fl3.18p - fl3.2UI) . we obtain the following local expansion 

m—1 

fn = fn + fn= /n!r'^^^C+n with fn = '^ di{n)Vi, (4.119) 

r<m-\-g—l i=g 

and fn = Yli=o di{n)vi, where n G [0, fc™'). Let r > g. 

Using 03.18p -03.20|) and f|3.28p . we derive that up^^-^{fn) > -2g + l, z/p^+i(/nts+?”^) 
> 0 and 


f(s + l) 
J n,r+g 


Res {frfsXl 


Res UnfsXl 

ir's+lds+1 


Res 

d^s+1 ?^s+l 


m—1 

^ai(n) 

i=g 
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m—1 




X > Vi^it 

j<i+g 


-j+r+g-1 \ _ 


' J ^ ai{n) ^ Vij6j^r+g = r>g. 

i=g ^^^+5 m—l> 2 >r 

Taking into acconnt that = 1 and Vi^r+g = 0 for i > r > (see fl3.29p ). we get 
fn,^+g = ^r{n) for r>g and nG[0,6”^). (4.120) 

By (14.1181) . we have 

s di^2 Ei ds+1,2 

Y.^^^n^32p^^lJfnkf,^32)+ Y. (/ne+?-')=0 


i=l ji=rfi,i j2=l 

for all n G [0, 6"*). Hence 


jl=ds+i,i 


Ps + lds + l 


Res (/„«) = 0 for all nG[0,6™'), where a = ai + a 2 , (4.121) 

fs + l,4s + l 

S di^2 a rfs+1,2 

= «M= Y^fun^fuh^ and as = Y 

*=1 jl=rfi,l i2 = l il=(is+l,l 

According to (H.lOSh . we get the following focal expansion 


Mh E d':?’ ^ f... 

r=g+l 


and 

OO 

a = ^ </3r^s+i with G Fb, r > + 1. 

r=g+l 

Using fl2.12p and fl4.119p - fl4.12ip . we have 

OO 

Res (/„a) = Res ( ^ 

rs+i,ts+i Fs+i,ts+i \ . ^ / 


(4.122) 


j<m+g-l 

m+g—1 


r=g+l 

m-\-g—l 


= Y Y = Y = Y <^r{.n)^r = 0 . 

j<m+g-l r=g+l j=g+l r=g+l 

for n G [0,6™)). Hence 


(fr = 0 for 5 f-|-l<r<m-|- 5 f — 1. 
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By fl4.122p . we obtain 

i^Ps+i{o) >m + g-l. 

Applying fl4.106p . fl4.107p and fl4.12ip . we derive 

S 

a G £(Gi), with Gi = W + + (<^8+1,2 + 9 — l)(^s+i)oo — {rn + g — l)Ps+i. 

i=l 

From fl4.115l) . we have 

S 

deg(Gi) = 251 - 2 + ^ + (4+i,2 + g- l)deg((G+i)oo) - (m + 51 - 1) 

i=\ 

< 2g — 2 + sdoe[me] + (t — 1 + sdoe[me] + g — “ 1) “ ~ 1) 

< (7 —l + (t + (7 —2)(?7h^ —l) + sdoeme?7h^—m = (7 —l + (t + (7 —2)(?7h^ —1)—m/2 < 0 

for m > 2(7 — 2 + 2(t + (7 — 2){g^^ — 1). Hence cr = 0. 

Suppose that ELi EJ=i = 0- Then aa = 0. From (|4.12ip, 

we derive = 0 for all ji G [ds+ip, (is+i,2]- According to fl4.117l) . we have a 

contradiction. Hence there exists h E [l,s] with 

dh,2 Ch 

E EC-JX)' (4-123) 

Jl=rfh,l J2 = l 

Let h > 1. By fl3.27p and fl4.12ip . we get vp^{tgj^i) > 0 and Pp^{a 2 ) > 0. Applying 
([23D and ([EIP, we derive pp^{W) = up^{dts+i) = up^{dts+i/dth) > 0. 

By (14.1121) . we have > —t^p^{W) for I < j < s,j ^ h. Taking into 

account that ai^h = - J2i<j<s,j^h<^hj “ “2, we get PPf^{ai^h) > . 

Using fl4.110p and (H.llip . we obtain = ~ji — 1 — Bearing 

in mind fl4.123p and that {ui\ ...,Uz-, kqlei, ■■■, ■■■, kn^a} is a basis of 

C{Gi + {n-qi + l)Pi), we get 

<^i,h ^ P{Gi + {di^2 ~ Qi d- l)Pi) \ P{Gi + (dj^i — qi)Pi). 

From (14.lisp and (I4.12ip . we derive vp^{ai^h) < ~^Ph{^) ~ 1- have a contra¬ 
diction. 
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Now let = 1 and (14.1231) is not trne for h G [2,s]. Hence ai^i = —02 and 
z^Ps+i(«i,i) > ds+i^i + g - 1. By (|4.1U6p . (|4.1U7p and (|4.12ip . we have 

0 ^ 1,1 G 22(G) with G = W + (di ^2 + 1)-Pi — (<^s+i,i 9 — l)h^s+i- 

From (14.lisp , we get 

deg(G) = 25 f — 2 + doe[me] — gei — {s — l)doe[me] —g + l<2g — 2 — 2g + l<0. 

Hence = 0. Therefore (14.1231) is not trne for h = 1. We have a contradiction. 
Thns assertion (I4.117P is not true, and Lemma 19 follows. □ 


End of the proof of Theorem 4. 

Let di ^2 = di ^2 + g = do[me]e/ei - 1 (1 < 2 < s), 




and 
A 2 = 


I-'s + l,ts + l 


for 0 < ji < di^ 2 j ^ ^ j 2 ^ 1 < i < s, n G [0, 6™) 

By (14.971) and Lemma 19, we have dim]F^(A'^) > dimFj^(Ai) and 


dimF^(A2) = dimF^(A'^) - dim^ 




-fs + l i^s + l 


0<ii<(ii,2,l<i2<ei 

l<i<s 


n G [0, b^) 


> dimF^(Ai) - + l)ei > 4 + 1,2 - 4+i,i + 1 - + g)ei. (4.124) 

i=\ i=\ 

Using Lemma 18, we get A 3 3 A 2 and dimF^(A 3 ) > dimF^(A 2 ), where 
A 3 = {(4^+1,i(n),..., 4^+1,^(n)) Tr+^UP6(/^i?/Si) = 0 


for 0 < ji < 4 , 2 ,1 < 42 < G, 1 < * < s, n G [0, 6™)|. 

Taking into account that (x„)o<n<6"* is a {t,m,s) net in base b, we get from 
(I3.24P and (I3.25p that 


Ai) \ 

Jn.jiJ 




n 


€ [0,6”) = n U: 


C^i,2 + 1 


2=1 
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Bearing in mind that is a basis of FpjW}, (see Lemma 18), we obtain 


A4 = -I (TlF,,/r.(/3i;>/S, 


0<ji<(ii,2,l<j2<ei,l<i<s 


n e [0, 6™) \ = 


Let 

A 5 = \ (Tr^p/Fb(/^j-2Vnj' 


0<Jl<di,2,l<i2<ei,l<j<s 


, yaj{n)) 


ds+l,l<j<ds+i,2 


n G 


10 . 6 ”)}. 


By dilJlD, (071) and ilCTIbll . we have 

dimF(,(A5) = dimF^(A 3 ) + dimF^(A 4 ) > 4 + 1,2 - 4+i,i + 1 + sdoem - r 

with r = {g + l)(eo + s), e = eie 2 ...es and m = [me]. 

Let rhi = doerh, e = r]i{2sdQe)~^, hij = 0, 1 < i < s, and hi^+i = 4+i,i + 9 , 
4+14 = t + {s-l)dQ[me]e, 4 + 1,2 = t — l + sdQ[me]e = 4+i,i + hii-l (see (|4.115p ), 
4,2 = dQ[me]e/ei - 1= 4,2 + 9 = rhi/ci - 1 (i G [1, s]), 

^n,jies+j 2 /¥bWSfn!ji) := = aj-g{n) (see (141211) 

for 0 < ji < 2 , 1 ^ 32 ^ 1 <i < s, 2 g < j, and let 


Afi — 




mi+doeji+jij o<ji<rh,l<'ji<doe,l<i<s+l 


n G [0, 4 


It is easy to verify that Ag = A 5 and dimF^(A 6 ) = (s + l)mi — r with 0 < r < r = 
i.9 + l)(6o + s)- 

Let m> — 2 + 2(t + 9 — 2)(i7f^ — 1)| + 2t + 2/e. Applying Lemma 2, with 
s = s + 1, we get that there exists C {0,m — 1}, 1 < z < s + 1 such that 


Ay — ^ ^ ^ ) where B — + ... + #i?s+i < (s' + l)(eo + s), 


and 


A. = [ (e^. 


'nii+doeji+ji 

with = {0,..., rh — 1} \ Bi. Hence 


ji e Bi, ji G [1, doe], z G [1, s + 


n 


G [0, 4 


(b 

n,mi+jidoe/ei+ji-l 


ji £ Bi,ji G [1, i G [1, s + l]'j n G [0, b'^)\ — 

2 = 1 
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with e^+i = 1, Xi = doe{m - #5i)/ei, 1 < i < s + 1. 

Taking into account that dp. : Fp. —)■ is a bijection (see fl3.2ip h we obtain 




doe. . 


e* 


7(s+l)mi —doeB 


{a-,n,+,+j,+,doe+l+,-i-gi.n)\js+i £ 5,+i,j,+i G [l,rfoe]) n G [0,6"*)| = 

Let Bi = Bi, I < i < s, and let -B^+i = {m — j — l|j G Bg+i}. From fl4.103p . we 
derive 


X 


n,rhi+jidQe+ji-l 


ji £ Bi,ji G [l,doe],i G [l,s+l] j n G [0,6”^) > — 


_ r^{s+l)m\_—dQeB 


where '■= and = am-j-iiji) (1 < j < m), 

TTii = nii = 0 for 1 < f < s and m^+i = m — t — srhi = m — 1 — + mi — 1 —g). 

By Lemma 17 and Theorem K, we obtain that (x„)„>o is a d—admissible {t, s) 
sequence with x„ = {xn \ •••, Xn'^), d = g + eo and t = g + eo — s. 

Now applying Corollary 1 with s = s + l,r = 0,rh = m and e = e = ei-.-e^+i, we 
derive 


min min 6”'T)*((x„ © w, n © Q/6™)o<n<fe-‘) > 2 ^6 

0<Q<b^weE^ > - a,t,s+L iL 

withm > 2^®+^6'^+*+'^+^(d+t)^+^s^^e(5f+l)(eo+s)?77^, and r^i = (l+deg((ts+i)oo))~^- 
Using Lemma B, we get the hrst assertion in Theorem 4. 

Consider the second assertion in Theorem 4. 

By fl3.23l) - fl3.25l) . we get that the net (x„)o<n<6"* is constructed similarly to the 
construction of the Niederreiter-Ozbudak net (see fl4.61l) - fl4.69p and fl3.15p L The 
difference is t hat in the construction of Section 2.3 the map Uj : Fp. —)■ is 

linear, while in the construction of Section 2.4 this map may be nonlinear. 

It is easy to verify that this does not affect the proof of bound fl3.3ip and 
Theorem 4 follows . □ 

4.5 Niederreiter-Xing sequence. Sketch of the proof of 
Theorem 5 

First we will prove that 

Cm = A4;i;(Pi,...,P^;Gm) for m>g + l. (4.125) 
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By and fHUMD . we get 


m—1 


c». = {(E 


■(*)-/ \ 
Cj'^ar[n) 


r=0 




0 < n < 6*^ 


Using f|4.58|) with G = {g — l)Ps+i, we derive = L^, where = C{{m — g + 
l)Ps+i + W). From fl3.33|] . we have 

m—1 

{f^ I e L^} = {in := ^ ar{n)vr I n e [0, 6™)}. 

r=0 

Applying fl3.34p . we obtain 


m—1 


fn'^i 


EA 

j=0 




where ^ ^ ^ i > 0- 


r=0 


Therefore 

Cm = {(f^i)o<,<m-i,i<i<s I 0 < n < 6”^}. (4.126) 

We nse notations fl4.59p - fl4.69p with the following modihcations. In fl4.6ip we take 
the held instead of Pp. , and in fl4.62p we consider the mapas the identical 
map (1 < i < s). By fl4.63p . we have 0ij{fn) = fng-i for 1 < j < m, and 
^Hfn) = {fn% fnln-i)i I < 1 < s. According to (| 4.69p and (| 4.126p we get 

Em = ^m = e C{Gi)} = {e^ifn)\n E [0,6”*)} 

= {{eiifn), ..Jj{fn))\n E [0,6”*)} = {{fi%<j<n.-l,l<i<s | 0 < n < 6”*} = 

Now applying fl3.13l) . fl3.32p and Lemma 12, we obtain fl4.125p . By [DiPil ref. 8.9], 
we have 


Sm{Mm) = ■■■,Ps;Gm)) > m - g + 1 for 171 > g + 1. 

Taking into acconnt Proposition B, we get that x„(U)„>o is a digital (T, s) seqnence 
with T{m) = g for m > g + 1. 

Now the d—admissible property follow from Lemma 16. In order to complete 
the proof of Theorem 5, we nse Theorem 3 and Theorem 4. □ 
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4.6 General d— admissible (t, s) sequences. Proof of Theo¬ 
rem 6. 

First we will prove Lemma 20. We need the following notations: 


Let are mxm generating matrices of a digital {t, m, s) net 


,-^n)n=0 


in base b, Xn'^ ^ for n k, = {c^j, E F^, 

i E [l,<s], Cj = G F™* (1 < j < m). Let 0 : Zf, ^ Wf, he a bijection 

with 0(0) = 0, and let n = ^ = (hi(n),..., am(^^)) E F™, aj{n) = 

0(aj(n)), fn = (yn\ --Wn^) ^ F);^^ e F);^, 




n = ^<t> ^{Vn])/'^ fol’ 1 < * < 


i=i 


Yn^ = n(cP,..., cW)^ ;= ^ aj{n)c^f = for l<i<s. 

i=i 


Hence 


We put 


jn = ^^%(n)Cj, for 0 < n < &” 
i=i 


(4.127) 


(4.128) 


= {Xn|n e [0,6™)}, = {yn\n E [0,6™)}, = {yi'V G [0,6™)}. 


We see that is a vector space over F;,, with 0^(4^^) < rn. Taking into account 
that Xn^ 7 ^ x^^'’ for n ^ k, we obtain dim(Tm) = m, Ci,..., Cm is the basis of 
and Ym = ¥]^. 

Let d > 1, do = d + t, m > 4:do{s + 1), rfi = [{m — t)/{2do{s — 1))], 

d'f^ = m — t + 1 — {s — l)dom and d 2 ^ = m — t — {s — 2)dom. (4.129) 


Bearing in mind that is a (t, m, s) net, we get that for each j E [1, (s — l)dom] 
withj = (ji —l)(s — l)+j 2 , ii G [l,dom] andj 2 E [l,s — 1] there exists n(j) G [0,6™) 
such that 


^n{j),ri ^n{j),r2 ^i,j2^jlX2 (4.130) 

for all r'l E [1, (s — Yjdom], r 2 G [1, dom], i E [1, s — 1]. 
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Taking into account that we derive that there exists n{j) G [0, 6™') 

with 


= ^hr for (s - l)dom + 1 < j < m, 1 <r <m. 
We take a basis fi,of in the following way: 


(4.131) 


Let f, = e Fr with ff = (f‘i:k..,ht) e *T. t e Ihi). J e 

For j G [l,m], we put fj := yn{j)- We have from fl4.13Up and fl4.13ip that 


^(ii-i)(«-i)+i2,n ~ %i-i)(s-i)+i2,n and f(j^_i)(s_i)+j2,r2 ~ ^i,j2^h,r2 

for ri G [1, (s — l)dorn]^ r 2 G [1, dohr], i G [1, s — 1], ji G [1, dohr], j2 ^ [1, 5 — 1] and 

fyr = for (s — l)dorh + 1 < j < m, 1 < r < m. (4.132) 

It is easy to see that the vectors fi, G are linearly independent over 
Fft. Thus fi,..., fm is a basis of 
Let 


= (dipt •••tdn,L) := n(ffi ...,f|;^) = 

i=i 


(4.133) 


where = (f!.j)i<rj<m for 1 < i < s. Hence 


Yn ■= (yi^\ •••, yi"^) = ^ aj(n)fj for 0 < n < IT. 

i=i 


We put 

'i'm = {yn I 0 < n < 6”"}. 

It is easy to see that 

For fi = with = (fg, ...,Sj), we dehne 

fj = fj for j G [(s — l)dorh + 1, m] and for i G [1, s — 1], j G [1, m], 

fJ.J = () for j G [1, (s - l)dom], r G [dS'^d^"^], and (4.134) 
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(4.135) 


for j e [1, (s — l)dom] and r G [1, m] \ (^ 2 '^]- Let 


= tnd) y{i) ] .= 

Jn vi/n,l 5 * * •; i/n,??!/ * ;***: 

where = (f^*])i<r,j<m for 1 < i < s. Hence 


i=i 


Yn := (yi^\ yi'^) = Y1 0 < n < 6™. (4.136) 

i=i 


We pnt 


= {yn 1 

0 < n < 6™} and 

rr« = {yl‘’l«e lo.n}. 

(4.137) 

Now let x„ = {xn'^ 

, ...,Xn'’) and X„ = {Xn\ . 

ai* ), where 


Yi) . 

‘^n 

m 

= and 

m 



i=i 

i=i 



for 1 < i < s. We have 


^rn = {x„ I 0 < n < 6™} = {x„ I 0 < n < 6"*} and Ym = (4.138) 

Bearing in mind that fi,..., frn and Ci,..., are two basis of the vector space 
d'm, we get that there exists a nonsingnlar matrix B = {hj^r)i<j,r<m with bj^r £ 
such that (fi,..., fm)~^ = B{ci ,..., Cm)^. Hence 


m m 

ffc = ^&fc,rCr, and ffcl- = y^bk,rC^r]i 

r=l r=l 


for 1 < A;, j < m, 1 < i < s. Therefore 

(ff..... ftT = S(c'*>,..., c!;y and C<« = tor i e |1. i]. 

Let n' G [0, 6”^), n' = (ai(n'),..., dm{n'))^ and let n' = nH”^. 

Using fl4.128p and fl4.133p . we get 



= n 




n'(fS”. 


= nH ..., c 


\T 


(4.139) 
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= n(cP,= y«, for l<i<s and 0 < n < 6™. 

Let (7W = := 1 < i < s, ..., c^j), 1 < * < 

s, 1 < j < m and let y„ := y„/, x„ := x„/ for n' = n]3~^. We have 

yW = y« = for 1 < i < s, 0 < n < 6”^. (4.140) 

Hence, are generating matrices of the net (xn)o<n<fe"*- According to 

fl4.134p and fl4.139p . we obtain 

( 7 d) = C'(d for l<i<s-l, and = (jt(i) _ jrW)^-! t_ 

Let {B-^y = {br,j)i<rj<m, Afoj = and Af^j = Sj -fij for I <r,j < 

m. Applying fl4.133p . fl4.135p and fl4.14ip . we derive 


='^ ^fr,ik,j for l<r,j< 


m. 


(4.142) 


1=1 


From fl4.134p and fl4.139p . we get 


Afoj = — c^j =0 for re [(s — l)dom + 1, m], 1 < j < m. (4.143) 

By fimfl and flTO^ . we have 


Wi ^ = ^rj for r e [(s — l)dQm] + 1, m] and 1 < j < m. (4.144) 

1=1 

Using fl4.129p . we obtain d^ > (s — l)dQm. By fl4.134p . fl4.142p and fl4.144p . we get 
Afo^j = r,iCi,j for r e [1, (s — l)dQrn] and 1 < j < m. (4.145) 


l=d 


(s) 


Lemma 20. With notations as above. Let s > 3, (xn)o<n<6"* be a digital 
(t, m, s) net in base b, 4 n ^ k. Then (xn)o<n<b^ is a digital (t, m, s) net 

in base b with 4 n ^ k, 


for 0<n<6’^ 


(4.146) 
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(4.147) 


and 


where 


A = for m > 2(io-s, hn = [(m — t)/{2do{s — 1))], 




^,(1) 


(*) 


4s) 


n.do' 


with di^ = 1, ^ 2 ^ = doTJi for 1 < i < s, d^f'^ = m — t + 1 — {s — l)dorh and 
d^^ = m — t — {s — 2)dQm. 

Proof. By (I4.140p . we have = y„/, x„ = ^n' and y^ = jn', x„ = x„/ for 
n' = Hence, in order to prove the lemma, it is snfficient to take x„ instead of 

and x„ and x„ instead of x„. Applying fl4.137p and fl4.138p . we derive that ^ xl 
for n ^ k. 

Snppose that aj{n) = 0 for 1 < j < (s — l)dorh. By fl4.134p and fl4.136p . we get 

Let aj{n) = 0 for 1 < j < jo < {s — l)dom and let aj^ln) ^ 0. From fl4.134p 


and fl4.136p . we have 
n G [1, and fl4.146p follows. 


y(^) 

'^n 


y(s) 


= b Hence 


•■(s) 

xk 


. (i) 


for all 


Let d = (di,..., di), d^ > 0 (i = 1,..., s), Vd = \ ) G F^, 

with d = di + ... + di, and let 

t/v, = {0 < n < 6™ I yif] = nf, 1 < j < d„ 1 < z < s}. (4.148) 

In order to prove that (x„)o<n<fe'" is a (t,m,s) net, it is snfficient to verify that 
ifU-v^ = 6™“'^ for all Vd G and all d with d < m — t. By fl4.133p . (14.1341) and 
dunni), we get 

m m 

yn with = (4.149) 

i=i i=i 

for 1 < i < s — 1, 1 < j < m and i = s, (s — l)dom + l<j<m, 0<n< 6™. 
Hence 

(s—l)do^ 


y^n - Yn^ = 0 for 1 < i < s - 1, yi") - y^^^ = ^ a^(n)(f(*) - f^'^) (4.150) 

r=l 

and = 0 for j G [1, (s — l)dorh], 0 < n < 6”^. Let 


7 -*^ := 7 -*^ for j G [1, d*], i G [1, s —1] and 7 -*^ := 7 -*^ for j G [1, min(di, (s —l)dom)]. 
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For ds > {s — l)dorh and j G [(s — l)do7h + 1, dg], we define 


(s—l)dQm 



r=l 


By fiFM and flFM . we get 

Vnj = dj{n) = for j G [1, niin(d 5 , (s - l)dorn)\, n G [0, IT). 

Using (14.1501) . we obtain for n G [0, V^) that 

yij- = = vf for I < i < di, I <i < s. (4.151) 

Let 

Uvd = {0 < ^^ < 6"* I Vn] = l<j<di, 1 < i < s} 

with Vd = (hf\ ..., ,..., hP,..., ). 

Taking into account that (xn)o<n<6"* is a {t,m,s) net in base b, we get from 
(Kim and (HTCT) that #Uv^ = #f7v^ = 


Now consider the statement fl4.147p . Let v = G 

F^, with d = d^ 2 ^ + ... + d ^2 + '^^ 2 ^ ~ + 1 - B is easy to see that to obtain 

fl4.147p . it is sufficient to verify that 7 ^ 0 for all v G F^. where 

Uv = {0 < n < 6 ”* I = Vj^\ d^^'^ < j < d 2 \ 1 < * < s}- 

According to fl4.135p and fl4.136p . 7 ^ 0 if there exists n G [0, 6 "*) such that 

m 

dr(n)'fj^l = for all d[^^ < j < ^ 2 ^ and 1 < i < s. (4.152) 

r=l 

By fl4.132p and fl4.134p , we have that fl4.152p is true only if dj (n) = 
for d^^^ < j < d 2 ^. Let uq = (.) 0“^(i; and let 

s-1 

n = no + ^ (t){vf - 
*=i 
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Therefore aj{n) = for j G [d[^\d 2 '^] and a(j_i)dgm+j(’^) = for j G 
i G [1, s — 1]. Using fl4.132p and fl4.134p . we get that fl4.152p is trne and U'^ ^ % for 
all V G F^. Hence fl4.147p is proved, and Lemma 20 follows. □ 


End of the proof of Theorem 6. Let G be the gener¬ 

ating matrices of a digital (t, s) seqnence (x„)„>o. For any m G N we denote the 
m X m left-upper sub-matrix of by 
Let ruk = s^do(2^^+^ — 1), k = 0,1,... , 


nif, 

= )/'>'. yU = n|C<‘'1„. (4.153) 

i=i 

and = (yjf, ...,1/^1) for n G [0,6”^'=), i G [l,s]. 

For X = J2j>i ^jP7^y where Xi E = {0, ...,h — 1}, we define the truncation 

[x]m = with m > 1. 

l<j<m 


If X = (xF),G [0,1)^, then the truncation [xj^ is dehned coordinatewise, 
that is, [x]m = ([x(F]^,[x^®)]™)- 
By fl2.14p - fl2.16p . we have 

|x„U=xi‘>:=(4‘’‘>,,..,4-''=)) tor ne[0,6’"‘). (4,154) 

Let Cl'+l”) = (cl'/’’°’)i<ij<mo with hly’’"’ = Sim-j+i, Lj = l,...,nJo. We 
will use fl4.127p - fl4.14ip to construct a sequence of matrices g 

{k = 1, 2,...), satisfying the following induction assumption: 


For given sequence of matrices (7^+^’°)^ (jis+i,k i) exists a matrix 

(Eis+I,k) ^ such that 


o(s + l,fc) _ + 


for i,j G [l,mfc_i] 


and 


M+i,k) 


0 


(4.155) 


for i G [ruk-i + 1, rUk], j G [1, mk-i], (x- 


n , 


I -Ln , 


^ (s+l,fc)\ 

Xn )0<n<b"^k 


is a {t, rrik, s + 


1 ) net in base b with 

^ for n 7 ^ / and for 0 < n < 6”^'', (4.156) 
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where 


m-k 


X, 


{s+l,k) _ 


= '^y'‘ 

j=i 


n,j 


)/V: ^ 


(4.157) 


and ...,1/1"^/^) for n e [0,6’”'=). 


Let k = 1. We take = 6i^rni-j+i for hj = 1, ■■■,mi. 

Now assume we known and we want to construct (7(^+i>*=+i). We first 

construct C'(^+i>*=+i) = as following 


~(s+i,fc+i) _ Ms+i,K; r . . r. 1 _ r. , 


-(s+l,A:) 


-(s+l,A:+l) 


(4.158) 


for i e [l,mfc+i -TUk], j e [l,mfc+i] and c)^. 


(s+l,fc+l) 


= 0 


for {i,j) e [l,mfc+i-mfc]x[l,mfc] and {i,j) e [mfc+i-mfc + 1, mfc+i] x [m^ + l, m^+i]. 

Lemma 21. With notations as above, (xnXn7n ^^’^''"^^)o<n<b™fc+i 
is a {t, rrifc+i, s + 1) net in base b with 7 ^ ^(^+i.^+i) n ^ I, and 


\x. 


L+i,fc+i)|| _ ii^ii 0 < n < 6’”'=+!. 


(4.159) 


Proof. Let d = (di,..., d^+i), Vd 

d = di + ... + ds+i, 


,(i) 


( 1 ) 




with 


^Vd = {0 < n < I = nj*\ 1 < j < di, 1 < i < s 

and = 1 < j < d.+J. (4.160) 

In order to prove that {xn'^^^\ ...,Xn5;n'^^’^'^^^)o<n<fe’"fc+i is a (t,mfc+i,s + 1) 
net, it is sufficient to verify that #f/vd = 6™'=+!“'^ for all Vd G ¥f and all d with 
d < nik+i — t. 


Suppose that d^+i < ruk+i — ruk- 

Let n e [0, 6™-fc+i), uq = n (mod 6™-fc+i“'^'>+i), tiq E [0, 6™^fc+i“'^'>+i) and let ni = n—UQ. 
It is easy to see that 

~(s+l,fc+l) _ ~(s+l,fc+l) . ~(s+l,fc+l) 

yn d yn.rv i ~ yn.A i 



Let j e [l,mk+i - TUk]. By (14.1581) , we get 


Tflk + 1 ^fe + 1 

~i^+hk+l) ^ ^ Y ar{n)6j^m^^^+i-r = (n). 

7"=! r=l 

(4.161) 

Let n = Ylf=i By fl4.160p . we get n G LV^ ni = ri and 

no G f/y^, where 

= {0 < h < 5™fe+i-'i-+i I = vf - 1 < J e [1, dilie [1, s]}. 

Bearing in mind (14.1571) . (I4.158p . (I4.160|) and that is a {t, m^+i — 

ds+ii s) net in base b , we obtain HUv^ = #hVd = 6™''=+!“'^. 

Now let ds+i > m^+i — m^. Let n G [0, 6"^'=+i), Hq = n (mod Hq G [0, 
and let ni = n — Uq. We have 

~(s+l,A:+l) _ ~(s+l,A:+l) . ~(s+l,fc+l) 

i/nj ynoj ^nij 

Let h = By (I4.160p and (I4.16ip . we get 

n G L^vd ni = h and no G {0 < h < | 1 < j < d*, 

1 < i < s and m^+i - m/, + 1 < j < 4+i}. 

Let j G [mfc+i - + 1, m^+i] and let jo = rrik+i + 1 - j G [1, m^]. 

By (I4.158p . we derive 

"ife+l rrik 

is+l,k+l) ^ As+l,k+l) _ ^ .^.~(s+l,k+l) _ ...M+l,k+l) 

UnJ yn,mfc+i+l-jo / ^ +l-?'n.r / ^ V+l-?'n.r 


mfc 


dr (h),, = all h G [0, 6™'=). (4.162) 


r=l 


(s+l,A:+l) (s+l,A:) n . 

J = yn,m,+i-j, for ^ e 


We have that = y^f {i = l,....,s) and 

[0^5™-fc). Hence 

neUy,^^ni = n and no G = |o < h < 6”"'“ | j G [1, dj, 
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i G [1, s], and 


(s+l,fc) _ (s+1) _ (s+l,fe+l) 

ynj-mfe+l+mj. ~ ^j-mk+i+rrik yfi,] 


j G (mfc+1 



Taking into account that Xn’’^\ Xn~^^’^'^))o<n<b'^k is a (t, rrik, s + 1) net 

in base 6, we obtain Therefore 

{xn'^^^\ ..., Xn'^^^\ Xn^^'^^^"^)o<n<b^k+i is a (t,mfc+i,s + 1) net in base b. 

From fl4.158p . fl4.16ip . fl4.162p and the induction assumption, we get that 


Consider the assertion fl4.159p . Let n G and let 

II ~(s+l,fc+l) II — h-jl 
ll-^n life ~ " 


(4.163) 


Hence = 0 for 1 < j < ji — 1 and ^ 0 (see fll.4p L 

Let ji G [1, irik+i - nik]. By (| 4.16ip , we get am^^^+i-j{n) = 0 for 1 < j < ji - 1 
and amk+i+i-ji{n) ^ 0. Therefore ||n||^ = ®*(^)^*~^l|fe = 6™-'=+i“T_ 

Now let ji G [rrik+i — nik + 1, mk+\\- From fl4.16ip . we obtain am^^^+i-jiji) = 0 
for 1 < j < mk+i — TUk. Hence n G [0,6™'''). Using (14.1581) and fl4.16ip . we 
have for rrik+i -rrik + l < j < ji- Therefore = 0 for 

1 < j < ji —ruk+i + mk — 1 and 7^ 0. Using the induction assumption 


(14.1561) . we get b F+^fc+i 


™(s+l-fc) 

•I'n 


b 



6“™'=. 


By (14.1631) . we obtain 


~(s+l,fc+l) 

•J^n 


proved and Lemma 21 follows. 


fe 


77,life6 "^fe+i. Thus assertion (I4.159P is 

□ 


Now we apply (HT^Tl) - (ITOTD with s = s + 1, m = m^+i, Ch) ;= 

{i = 1, ...,s) and := to construct matrices (7^) {i = 1, ...,s + 1). 

From (I4.14ip . we have 

(7(0 = for 7 = l,...,s. (4.164) 

Let (7('^+i-^+i) ;= (7(®+^). According to (14.1431) and (14.1581) . we get 
^{^s+i,k+i)_~(s+i,k+i) ^ Q ^ ^ [sdohrfc+i + l,mfc+i] and 1 < j < m^+i. (4.165) 

By (I4.129P and (I4.145p . we obtain for r G [1, sdohifc+i] and 1 < j < rrik+i 


^(s+l,fc+l) 

^(s+1^+1) ^(s+i A:+l) ^ (5+1 fc+i)^(5+i fc+i) 

- 4,i = 2^ ^fr,Z U,i 

Z=dG+r''+i) 


(4.166) 
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where = mk+i -t + 1- sdoirik+i, = m^+i —t—{s- l)dorhk+i, 

ruk+i = s^(io(22^+^ - 1 ), do = d + t and mk+i = [(m^+i - t)/{2sdo)]. 

We have > (s — l)domk+i, rnk+i = 2^^+^ — 1 for fc = 0,1,... and 

ruk+i - >{s- l)dorhk+i > 2“^s^(io(2^^’^^ - 1) > "^fc- 

By fl4.158p . we obtain = 0 for r < < T^k+i — mk and 1 < j < ruk- 

From fl4.166p . we derive 

^(s+i,fc+i) _ .(s+i,fe+i) ^ 0 fQj, r e [1, sdohifc+i] and 1 < j < m^. (4.167) 

Bearing in mind that 


rUk+i - sdorhk+i = s^do(2^*'+"^ - 1) - s^do(2^''’^^ - 1) = > rUk, 

we get from fl4.165p and fl4.158p 

g(s+i,fc+i) ^ ~(s+i,fc+i) ^ -(s+i,fc) £ 1 < i j < mi. (4 168') 

Applying fl4.158p . fl4.165p and fl4.167p . we have 

^{s+i,k+i) ^ -(s+i,fc+i) ^ for 1 < i < mk+i -rUk, I < j < rUk 
Now using fl4.168p . we obtain fl4.155p . 

We see that fl4.156p follows from fl4.159p and fl4.146p . Consider the net 


with := x„ = {x^n ^,...,Let 


^(s,fc+l) -(s+l,A:+l)\ __ w _ f 




k+1 — ’ •••’^n,d(»X+l)) l<i<s’ V ^^^(^s+l,k+l) ^ ■ ■ ■ 1 V ^^^^s+l,k+l) J [0, 

with = doirik+i for 1 < i < s. Using fl4.129p . fl4.164p and Lemma 20, we 

obtain 

Afc+i = F[^+b'^om;=+i^ ^ [(mfc+i - t)/{2sdo)] = s(2''+^ - 1), (4.169) 

and (xn^^^^)o<n<fe'"fc+i is a {t, rrik+i, s + 1) net in base b. Thus we have that (7(^+i-^+i) 
satisfy the induction assumption. 

Let C(>+w+i) = where cly‘-‘+‘> := for 

l<i,j < rrik+i. By (14.1551) . we get 

and = 0, i e (mfc,mfc+i], j G [l,mfc]. (4.170) 
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Now let = limfc^ooC'(*+^’'=) i.e. := k = 

1, 2,... . We define 


hk{n) := hk,i{n) + ... + := £^*+1-^)6"*'= for 0 < n < h^K (4.171) 

From fl4.157p . we have 


(4.172) 


mAn)) = 0«™+i) = C™*+i = Eriifo(n)c):™,, 

= Ej”L'i for 0 < n < 

Applying fl4.170p . we obtain for n e [0, 6”^'=) that 
hkA"^) = 0 for i > mfc and hfc(n) = hk-i{n) G [0, 6™''=-i) for n G [0, (4.173) 

For n G [1, 6™'“), we get from (14.1721) and fl4.156p that 


ll^fcWllb = Ihllft. (4.174) 

Let / 7 ^ n G [0,6’"'“). Using fl4.156p . we have A 

Hence {hkA^), ...,hk,mA^)) A (hfc,i(n),..., hfc,mj^(n)) and hfc(/) 7 ^ 

hk{n). 

Therefore hk is a bijection from [0, 6 ’"'=) to [0, 6 ’"'“). We dehne h^ijA snch that 
hkihAin)) = for all n G [0, 6 ’"'=). 

Let n G [0,6’"'“) and Z = h^in), then I G [0,6’"'“) and hk+ii}) = hk{l) = n. Thus 

6 -fc+i(n) = hA{n) = I for n E [0,6’"'“). (4.175) 

Let h{n) = lim^^oo 6 .fc(n), and h~^{n) = limk^oo (n). 

Let n G [0, 6 ’"'“) and let I = hAin). By (14.1731) and (14.1751) . we get 

h{n) = hk{n) = I, h~^{l) = 6 ,^^(Z) = n, and h~^{h{n)) = n. 

Consider the d—admissible property of the sequence {^h-^{n))n>o- It is sufficient 
to take fc = 0 in (II.4p . 

Let n G [0,6’"'=). By (I4.174p . we have || 6 ,(n)||j^ = || 6 .fc(n)||j^ = ||n||j,. Taking into 
account Dehnition 5 and that (x„)„>o is a d—admissible sequence, we obtain 

= ll^(0IU|x«||b = ||Z|U|xz||^ > 6 "^ with I = h-\n). (4.176) 

Hence {'Xh-i(n))n>o is a d—admissible sequence. 
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By the induction assumption, ([x„]mfc, hfc(n)/6™''=)o<n<b”*fe is a {t,mk,s + 1) net 
in base b ioi k > 1. Hence {-Xm h{n)/b^'^)o<n<b^k and are 

also {t,mk,s + 1) nets in base 6 for A; > 1. By Lemma 1, (x/i-i(„))„>o is a (t, s) 
sequence in base b. 

Let N G 6™''=+!). Applying Lemma B, we get 


a := 1 + min max MD*{{xh-itneQ) ® w)o<n<M) 

0<Q<b^k 1<M<N ^ 

- 0<Q<^l\&E^ ® W, )o<n<b™fc ) 


> 


min 

0<Q<b”^k ,wei?^^ 


b^’^D^ixi © w, h{l) © Qlb^'^)o<i<b-k) 


where I = h ^{n Q Q) and n = 
0 < n < 6™'', and that = 

a > min D* 

0<Q<b™'fc ,wGE4 


= h{l) © Q. Bearing in mind that h{n) 
= hk{n)/b'^^ for 0 < n < we get 

((x„© © (Q/6'”'=))o<n<6-fc)- 


hfc(n) for 
(4.177) 


By (14.1761) and (II.4j) . we obtain that (x„, h(n)/6™''')o<n<6’"fc is a d-admissible 
net. 

Applying fl4.154p and the induction assumption, we get that (x„, h(n)/6™''')o<n<b’"fc 
is a (f, mfc, s + 1) net in base b. Let 


a' = <! f \ ^ p rn 


, 6 ) 


(s+l,fc) 


qs+i,fe) 


Using (I4.153p . (14.154p and (I4.17ip , we obtain ior 1 < j < rrik, I < i < 

s, and h{n)/b'^^ = By fl4.169p . we have 


A'k = Ak = for m = [(m^ - t)/(2sdo)] = + 1. 

Now we apply Corollary 2 with s = s + 1, e = (2s(io)~^ , r] = e = 1, f = t, 
m = mk, fh = m — t, fhs+i = — 1, = 0 for i G [1, s + 1], and H = 0. 

Taking into account (I4.177p . we get the assertion in Theorem 6. □ 
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